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a b s t r a c t

We present a carrier removal method for Fourier transform profilometry using the principal component
analysis. The proposed approach is able to decompose the phase map into several principal components,
in which the phase of the carrier can be extracted from the first dominant component acquired. It can
cope well with the nonlinear carrier problem resulted from the divergent illumination which is
commonly adopted in the fringe projection profilometry. It is effective, fully automatic and does not
require the estimation for system geometrical parameters or the prior knowledge on the measured
object. Further, the influence of the lens distortion is considered thus the carrier can be determined more
accurately. The principle of the technique is verified by our experiments, showing that it performs well
in both static and dynamic measurements.

& 2015 Elsevier Ltd. All rights reserved.

1. Introduction

Fringe projection profilometry has been widely employed for
shape measurement in recent years [1–4]. In a generalized fringe
projection system, a fringe pattern is projected to the measured
object and from another view a camera is used to capture the pattern
modulated by the object surface. Then the profile can be retrieved
through a fringe analysis method. There are a number of techniques
to analyze the captured fringe pattern and generally they can be
categorized into two classes. The first class based on the phase-
shifting algorithm always requires at least three fringe patterns to
reconstruct a 3D profile [5–7]. By contrast, the second class depen-
dant on Fourier transform needs only one frame to retrieve the
contour of a measured scene [8–11]. With the rapid advance in the
digital projection and imaging system, more and more interests have
been attached to the surface measurement of moving or deforming
object [12–15]. Because the Fourier transform profilometry (FTP) is
insensitive to the movement or deformation, it has been adopted
extensively in dynamic measurements. In FTP, through Fourier tra-
nsform, filtering and inverse Fourier transform, a phase map includ-
ing object phase and carrier phase is obtained. To retrieve the obj-
ect phase from the map, it is necessary to remove the unwanted
carrier phase.

To deal with the issue of the carrier, a number of approaches
have been developed. Takeda et al. [16] suggested that the carrier

can be removed by a spectral translation in frequency domain
because a spectrum shift of f is equivalent to a phase subtraction
of 2πf in spatial domain. It is easy to be implemented and is robust
if the captured stripes are equally spaced. However, for a general-
ized fringe projection set-up, the light beam is cast divergently
onto the measured object which results in unequally distributed
fringes across the measured scene. Therefore, a constant spectrum
shift f will be insufficient to eliminate the variant (nonlinear) car-
rier. Thus to cope with this issue, in their following work they
proposed a method [17] that requires respective measurements of
the object and the reference plane. Then the effect of the carrier
can be eliminated by subtracting the reference from the object
phase map. Although this method is robust, it requires two
measurements thus may be not very convenient to be implemen-
ted. After that, Chen et al. [18,19] developed a technique in which a
polynomial function is used to describe the nonlinear carrier. Then
Zhang et al. [20] presented a similar approach using the Zernike
polynomials to represent the carrier. Both of the methods can
effectively address the nonlinear carrier issue. However, in these
two techniques data points need to be selected from the reference
plane for the estimation of the polynomial coefficients, thus inc-
reasing human interventions.

Recently, in the field of digital holography, Zuo et al. [21]
employed the principal component analysis (PCA) to compensate
the phase aberration. Here, we introduce the PCA into our work
aiming at removing the carrier in FTP for the divergent illumina-
tion measuring system. As aforementioned, the spectral transla-
tion enables the elimination of the linear carrier and retains the
nonlinear one. In our method, thus, the PCA is carried out to study
the remaining nonlinear carrier phase. We find that the first
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dominant component of the exponential form of the phase map
can describe the concerned nonlinear carrier phase. Therefore, we
extract the first dominant component which is a rank one matrix
and use the product of two singular vectors derived from the
nonlinear carrier function to fit it. Finally, the fitted first dominant
component is employed to compensate the nonlinear carrier
phase left by the spectral translation. The proposed method has
several advantages. Firstly, it is fully automatic and demands less
human intervention because no data points need to be collected
from the reference plane in advance. Then, it is efficient as only a
single fringe pattern is required to remove the nonlinear carrier
phase, which indicates its applicability to the measurement of
moving objects. Lastly, the image distortion correction is perfor-
med on the captured fringe pattern, thus reducing the measure-
ment error. Our experiments verify that the proposed technique is
able to remove the carrier phase effectively in both static and
dynamic measurements.

2. Principle

A typical arrangement of a divergent fringe projection mea-
surement system is shown in Fig. 1. A straight and equally spaced
fringe pattern is projected onto the tested object by a projector
and then captured by a CCD camera at a different angle. It can be
seen that due to the inherent nature of the divergent projection
the fringes in the captured image are no long uniformly distrib-
uted as they would become much wider when they get close to
the left. In the Fourier transform profilometry, the captured fringe
image can be represented by

Iðj; kÞ ¼
Xþ1

n ¼ �1
Anrðj; kÞexp i nϕcarriðjÞþnϕobjðj; kÞ

� �� � ð1Þ

where ðj; kÞ is the pixel coordinate, r is the distribution of the

reflectivity, An being the weighting factors of the Fourier series,
ϕcarri and ϕobj the phase of the carrier and the tested object. After
the Fourier transform, extracting the first order term of the Fourier
spectra and the inverse Fourier transform, we will have

IF ðj; kÞ ¼ A1rðj; kÞexp i ϕcarriðjÞþϕobjðj; kÞ
� �� � ð2Þ

To derive the carrier phase, the schematic geometry of the
measurement system is illustrated in Fig. 2. Point O serves as the
point light source of the projector and it has a distance h0 from the
reference plane. The dot-dashed line OC shows the projection
direction at an angle of θ. Equally spaced grating FH, which is
perpendicular to the projection direction, is projected divergently
to the reference plane. Line OD is an arbitrary light beam with an
angle α that meets the reference plane at point D. Lines DK and AE
are set to be parallel to FH for the derivation of the fringe pitch on
the reference plane. As the fringe pitch pDK on the line DK is
uniform, it can be written as

pDK ¼ pFH
x sin θþ lOB

lOG
ð3Þ

where pFH is the fringe pitch in FH, x being the distance from the
starting point E to the point D and l the length of the line segment.
In the close region of point D shown in the enlarged view,
assuming the angle α to be constant yields

pðxÞ ¼ pDK
sin ½π�ðπ=2�αÞ�θ�

sin ðπ=2�αÞ ¼ pDK
cos ðα�θÞ
cos α

ð4Þ

where pðxÞ is the fringe pitch at point D.
Since the relationships cos α¼ h0=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h20þðxþL0Þ2

q
,

tan α¼ ðxþL0Þ=h0 and lOB ¼ h0 cos θþL0 sin θ can be easily
found, Eq. (4) can be further expressed as

pðxÞ ¼ pDK
ðlOBþx sin θÞ2

h0lOG
ð5Þ

Thus, the carrier phase on the reference plane is given by

ϕcarriðxÞ ¼ ϕEþ
Z x

0

2π
pðuÞdu ð6Þ

where ϕE is the carrier phase at the starting point. Referring to
[19], the integral term

R x
0 2π=pðuÞdu can be represented as a series

when lOB4x sin θ. Hence, the carrier phase in Eq. (6) can be
further simplified as

ϕcarriðxÞ ¼
X1
n ¼ 0

anxn ð7Þ

where an is the coefficient to be estimated. Practically, because it
is difficult to ensure that all the fringes are strictly vertical which
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Fig. 1. Schematic experimental arrangement of a divergent fringe projection
system.
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Fig. 2. Geometry of the measurement system.
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means the fringes are tilted, the carrier phase in the above equ-
ation is required to add additional vertical terms with respect to y
direction:

ϕcarriðx; yÞ ¼
X1
n ¼ 0

anxnþ
X1
n ¼ 0

bnyn ð8Þ

Traditionally, the method of spectra translation is used to
remove the carrier phase:

ϕ0
carriðx; yÞ ¼

X1
n ¼ 0

anxnþ
X1
n ¼ 0

bnyn�cx�dy¼
X1
n ¼ 0

enxnþ
X1
n ¼ 0

f ny
n

ð9Þ

I0F ðx; yÞ ¼ A1rðx; yÞexp i ϕ0
carriðx; yÞþϕobjðx; yÞ

� �� � ð10Þ

where ϕ0
carri and I0F are the carrier phase and image after spectra

translation. It is obvious that by the way of spectra translation the
carrier phase has not been removed completely as there still exist
some remaining carrier terms, which can also be written in series.
Thus to cope with the problem, the proposed method resorts to
the principal component analysis.

As the term exp½iϕ0
carriðx; yÞ� can be expressed as

exp½iϕ0
carriðx; yÞ� ¼ exp i

X1
n ¼ 0

enxn
 !" #

exp i
X1
n ¼ 0

f ny
n

 !" #
ð11Þ

We find that this term is actually a rank one matrix, which can
be represented by the multiplication of the two vectors uðxÞ ¼
exp i

P1
n ¼ 0 enx

n
� �� �

and vðyÞ ¼ exp i
P1

n ¼ 0 f ny
n

� �� �
as

exp½iϕ0
carriðx; yÞ� ¼ vðyÞunðxÞ ð12Þ

where unðxÞ represents the conjugate transpose of uðxÞ. Generally,
the nonlinear carrier would account for a large amount of region in
the measured scene which means the proportion of the phase of
the carrier is much larger than that of phase of the object to the
whole measured area. Thus the object phase distributing in a
relative small area can be assumed as a small perturbation to the

overall retrieved phase, leading to the result that the first principal
component approximation (FPCA) of the whole phase map will
correspond to the carrier phase component rather than the object
phase. Therefore, we will have

C ¼ FPCA exp i ϕ0
carriðx; yÞþϕobjðx; yÞ

� �� �� �¼ exp½iϕ0
carriðx; yÞ� ð13Þ

ϕC ¼ ϕ0
carriðx; yÞ ¼

X1
n ¼ 0

enxnþ
X1
n ¼ 0

f ny
n ð14Þ

where C is the first principal component of the exponential form of
the phase map after spectral translation and ϕC the phase map of the
first principal component C. To perform the PCA, one can use the
singular value decomposition (SVD) that is given as follows:

exp i½ϕ0
carriðx; yÞþϕobjðx; yÞ�

� �¼ V
X

Un ð15Þ

where
P

is an m� n rectangular diagonal matrix with non-negative
real numbers on the diagonal, V and U are unitary matrixes with size
of m�m and n� n respectively. Then to calculate the coefficients en
and f n, we conduct the following polynomial fittings:

P½vðyÞ� ¼ f itfunwrap½PðV1st_colÞ�g ð16Þ

P½uðxÞ� ¼ f itfunwrap½PðU1st_colÞ�g ð17Þ

where subscript 1st_col represents taking the first column of a
matrix, P is to compute the phase value and unwrap means to apply
the phase unwrapping to the solved phase. It should be noted that
polynomial fittings are used to constrain the phase distribution in
both x and y directions. Because the solved first principal component
by Eq. (15) will involve partial object phase due to the presence of the
object. Thus to reduce the effect, the raw phase components are
required to be fitted according to the ideal carrier phase distributions
along the two directions.

Because the coefficients in ϕ0
carri have been determined, the

conjugate term exp½� iϕ0
carriðxÞ� can then be multiplied with the

Fig. 3. Flow chart of the proposed method.
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image I0F to eliminate the remainder carrier

exp½� iϕ0
carriðx; yÞ�I0F ðx; yÞ ¼ A1rðx; yÞexp½iϕobjðx; yÞ� ð18Þ

It should be noted that to improve the precision of the proposed
method, the image distortion correction is required to carry out to
deal with the captured image. Further, to lower the computational
complexity, the present method is conducted only within a reduced
m� n spectrum area of the whole M � N region. This action will
largely boosts the computational speed while do not compromise the

accuracy because once the fringe image is filtered, the complex field
is oversampled. Fig. 3 shows the flow chart of the proposed method.

3. Experiments

A divergent fringe projection system composed of an industrial
CCD camera (GE680) with maximum frame rate of 205, the DLP
Light Crafter DMD kit and a data processing device (Dell OptiPlex
990) has been developed. Three experiments have been conducted
to demonstrate the practicability of the proposed method. The first

Fig. 4. Experimental images of the static measurement. (a) Fringe pattern cast on a plaster model; (b) phase map obtained by the spectral translation; (c) the raw carrier
phase formed from the first dominant singular vectors; (d) and (e) demonstrate the phase reconstructed from the first two and five dominant components, respectively; (f)
phase map of the fitted first dominant component; (g) RMS error with different polynomial order of u; (h) time cost for the different polynomial order of u; (i) and (j) show
the two unwrapped first dominant singular vectors and the corresponding fitted results.
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one intends to show the technique's performance for static scene
measurement, the second exams its accuracy and the last one
demonstrates its applicability in dynamic measurement. The used
camera has been calibrated for the image distortion correction.

In Fig. 4(a), a static plaster model was measured. After performing
the Fourier transform, a rectangular window of size 121�121 was
applied to filter the þ1 order spectrum. Then translating the max-
imum of the filtered spectrum to the center of the whole spectrum
and implementing the inverse Fourier transform, the reconstructed
wrapped phase was obtained and shown in Fig. 4(b). It can be seen
that the spectral translation did not remove the carrier completely as
some nonlinear phase components can still be observed clearly in the
background. So to compensate the remaining carrier phase, the
proposed method was applied. The inverse Fourier transform was
applied to the filtered spectrum with dimension 121�121 and the
exponential form of the resultant phase was analyzed by the PCA.
Fig. 4(c) shows the raw carrier phase from the first principal
component obtained. We found that nearly all the remaining non-
linear phase components were separated from the object phase.
Fig. 4(d) and (e) shows that the object phase is emerging gradually
when the phase is reconstructed by the first two and the first five
dominant components. Then the phases of the two dominant
singular vectors of the first dominant component were unwrapped,
and they were to be fitted by the polynomial fitting. Since the fringe
pattern was vertically projected and slightly tilted, the variation of
phase in y direction could be treated as linear. Thus the 1st order
polynomial function would be adequate to fit v. To determine the
proper polynomial order of u, we chose different orders of u to
conduct the experiment to see their performances. Fig. 4(g) and (h)
shows the root mean square (RMS) error of the measured results and
the time cost with various orders of u, respectively. From Fig. 4(g), it
can be seen that the error is decreasing as the higher order is used to
fit u and when the order is larger than eight, the higher order

contributes little to the measurement accuracy. From Fig. 4(h), the
time cost keeps rising as the polynomial fitting of higher order is
conducted. Since the accuracy is not to be improved significantly and
the computational time is going to increase rapidly as more than
eight order polynomial fitting is used, we chose the 8th order poly-
nomial function to fit the vector u in our measurement. The fitting
results are shown in Fig. 4(i) and (j). The final computed nonlinear
carrier phase with smoother phase distribution is demonstrated in
Fig. 4(f). By the comparison of Fig. 4(c) and (f), we find that although
the raw carrier phase was slightly damaged by the object phase, this
influence can then be eliminated by the employment of the
polynomial fittings. After applying the fitted carrier phase to Fig. 4
(b) for compensation, the result is shown in Fig. 5(a). Through
performing the phase unwrapping and removing some unreliable
regions, i.e. the shadows, we got the final unwrapped phase shown in

Fig. 5. Measurement results of the first experiment. (a) Wrapped phase map after the compensation of the nonlinear carrier; (b) and (c) demonstrate the corresponding
unwrapped phase viewed from the front and the side, respectively.

Fig. 6. Error comparison of the spectral translation method and the proposed method. (a) Error of the spectral translation method; (b) error of the presented method.

Table 1
Error comparison of spectral translation method and the proposed method.

Spectral translation method Proposed method

Average error (rad) 6.586 0.095
RMS (rad) 5.999 0.066

Table 2
Computational time of the proposed method.

Time cost (s)

PCA (SVD) 0.0270
Polynomial fitting 0.0743
Compensation 0.0325
Total 0.1338
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Fig. 5(b) and (c). During the whole process, the nonlinear carrier was
determined automatically only by the captured fringe image and no
human intervention was involved. To see the effectiveness of the
proposed method, we compared the error of the spectral translation
method and the proposed method. Fig. 6 and Table 1 are the error
distribution and the corresponding error data, respectively. For the
error analysis, the retrieved phase of the reference subtraction
approach was employed to be the natural phase of the object. It
can be seen that the error can be greatly reduced by the proposed
method and it will be a good alternative when extra measurement of
the reference subtraction method is not available. Moreover, the
computational time of the presented method is also given in Table 2.
The whole processing time is only 0:1338 s using a computer of
2:8 GHz, which shows our method is of high efficiency.

In the second experiment, we examined the accuracy of the
presented technique. Fig. 7(a) shows the tested flat surface and
theoretically its measured phase should be zero. After filtering the
first order spectrum with windows size of 161�201 and spectral
translation, the reconstructed wrapped phase was obtained and

shown in Fig. 7(b). Then carry out the inverse Fourier transform to
handle the cropped spectrum and analyze the exponential term of
the subsampled complex field with PCA. Fig. 7(e) and (f) demon-
strates the fitting results of the two dominant singular vectors u
and v. The nonlinear phase distribution calculated from the fitted
first dominant component is acquired and shown in Fig. 7(c). After
compensation and phase unwrapping, the final phase of the flat
surface is shown in Fig. 7(d) where the average phase of the whole
surface is �0:0074 rad with RMS error of 0:0029 rad. Further, in
Fig. 7(g) we plotted the 240th row of the measured scene and
compared our result with the one without compensation and the
one from method of reference subtraction which is the most
robust one among the existing carrier removing methods [20]. It
can be seen that shown by the curve the solved phase was
nonlinearly distributed without the compensation. After using
the proposed method to compensate the nonlinear phase, the
curve was changed into a straight line which is very close to the
result from the reference subtraction technique, indicating that
our method is a good alternative for the carrier elimination. By the

Fig. 7. Accuracy examination. (a) Fringe pattern projected onto a flat surface; (b) phase map reconstructed through the spectral translation method; (c) phase distribution
obtain from the fitted first dominant component; (d) the measured phase of the surface by the proposed method; (e) and (f) show the two unwrapped singular vectors of the
first dominant component and their corresponding fitted results; (g) comparisons of the results obtained from different techniques.

Fig. 8. Experiment of a dynamic scene. (a) One of the captured fringe images; (b) the corresponding reconstructed phase distribution.
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proposed method, the average phase of the row is 0:0081 rad with
RMS error of 0:0052 rad. The experiment verifies that the pro-
posed method is capable of compensating the nonlinear carrier
phase accurately.

Lastly, a dynamic measurement was conducted. Here, a tissue
was pasted to a flat and hollow surface. A pen was pushing the
tissue from its back and meanwhile kept doing circular motions.
The camera–projector pair was running at 120 Hz. The dynamic
process was captured and saved, and subsequently handled with
our method. Fig. 8(a) shows one frame of the measured scene and
Fig. 8(b) the corresponding solved phase distribution. The experi-
mental video is presented where a small patch caused by the push
shows a local bump and the rest region remains almost flat. The
experiment reveals that the developed technique can successfully
eliminate the carrier phase for the dynamic measurement.

Supplementary material related to this article can be found
online at doi:10.1016/j.optlaseng.2015.05.009.

4. Conclusion

In this work, a new method based on PCA is proposed to
remove the carrier phase in FTP. Applying the PCA to the
exponential form of the resultant phase by the spectral translation,
the obtained first dominant component contains all of the non-
linear phase to be removed. Then the dominant component is
refined by the multiplication of the two fitted singular vectors
based on the derived carrier phase function with the goal of
reducing the effect of the object phase involved in the solved first
principal component. Lastly, the nonlinear carrier phase left by the
spectral translation is compensated with the phase of the refined
first dominant component. The proposed method is efficient and
automatic since only one fringe pattern is required to eliminate
the carrier and during which no human intervention is needed.
Further, the influence of the image distortion is removed, ensuring
the measurement with high accuracy. It should be noted that as
we assume the object phase to be a small perturbation to the
overall retrieved phase, it is better to leave sufficient region for the
reference plane in the measured scene. This will help the PCA to
automatically identify the carrier phase from the whole phase
map. The proposed method is able to facilitate the process of the
carrier removal and reduce the complexity of the experiment
compared to the existing techniques. Although the phase-to-
height conversion is not addressed directly by the proposed
method, it could bring benefits to the system calibration because
the phase-height relationship would become linear due to the

removal of the nonlinear carrier. In conclusion, the proposed
technique allows accurate and automatic carrier removal for both
static and dynamic measurements.
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