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a b s t r a c t 

Fringe projection profilometry is widely used for three-dimensional (3D) measurements. System calibration is 

crucial to fringe projection systems, since it determines how the phase is converted into 3D geometry. Many 

methods and studies on calibration have been presented in the last few years. However, a comparative overview 

on the accuracy and the implementation details is still lacking. In this work, we present a review of some of the 

most used calibration methods. First, the basic principles are reviewed. Then, both quantitative and qualitative 

comparative experiments are implemented to show the advantages and constraints of each method. Further, a 

number of factors that may affect the performance of the calibration are discussed. Sample codes are available 

for better comprehension and a quick start of these methods. 
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. Introduction 

Three-dimensional (3D) shape information plays an essential role

n many fields, e.g., industrial manufacturing [1–3] , geomaterials [4] ,

iomechanics [5] , optical engineering [6–9] , and computer vision [10–

4] . Coordinate measuring machines (CMMs), time of flight (ToF) cam-

ras, stereo vision sensors, and structured light illumination systems are

idely used for 3D shape measurements of objects, ranging in size from

ens of centimeters to one or two meters. The CMM measures objects

hrough point-by-point physical contacts and is widely applied to in-

ustrial inspections [15] . It has the advantages of high accuracy and be-

ng insensitive to reflective materials. Due to point-by-point detections,

owever, the measurement efficiency is not high. ToF cameras measure

he distance according to the time when a light emits and returns from

easured objects. They are extensively employed in developing 3D sen-

ors for unmanned vehicles and mobile devices [16] . Although ToF cam-

ras can obtain 3D data at high speed, their resolution is relatively low.

he stereo vision imitates the depth-sensing process of human eyes and

stimates the distance by deriving the disparity of the same object point

n different views [17] . Despite being able to measure a full field at a

ime with high resolution, it is fragile for uniform or periodic textures. 

Structured light illumination techniques replace one of the cameras

n the stereo vision with a projector. By illuminating measured surfaces

ith pre-designed patterns, the structured light illumination is more

obust than the stereo vision [18–24] . In the structured light illumi-

ation, projected patterns have various structures, such as sinusoidal
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ringe images [25–32] , random speckles [33–35] , and some custom-

ade structures [36–39] . Approaches that use fringe patterns are known

s the fringe projection profilometry, which has the advantages of high-

esolution and high-accuracy 3D measurements. The fringe projection

rofilometry extracts the phase information from captured sinusoidal

ringes and converts the phase into 3D reconstructions. 

In fringe projection, there are several steps to obtain a 3D recon-

truction. First, fringe patterns are projected onto measured objects and

re captured from a different viewpoint. The system nonlinearity [40–

4] and the limited dynamic range of fringe projection systems [45–

0] may destroy the captured sinusoidal patterns. For accurate 3D mea-

urements, these effects should be compensated. Then, fringe analysis

pproaches are used to extract wrapped phase maps from the captured

mages [51–61] . Next, the wrapped phase is unwrapped to get a con-

inuous phase distribution [62–67] . The last step is to convert the un-

rapped phase into 3D coordinates. In this step, the system calibration

alculates parameters that determine how the phase converts to the 3D

econstruction. System calibration is the key to fringe projection, as the

uality of final 3D reconstructions relies on how accurately the system

oefficients have been calibrated. 

In this work, we mainly focus on the calibration methods for typical

ringe projection systems that consist of a single camera and a single pro-

ector. For systems with more than one cameras or projectors, the way

f calibration is an extension of the methods discussed here. In general,

he calibration models can be roughly classified into two groups: phase-

eight models and triangular stereo models. In the phase-height models,
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Fig. 1. Schematic of 3D measurements by fringe projection profilometry. 
he object’s height is measured relative to a reference plane. The height

s a function of phase. Usually, the phase-height function depends on

ow the camera and the projector are arranged. In early phase-height

odels [53] , the optical axis of the camera is supposed to be parallel to

hat of the projector. Also, the distance to the reference plane should be

he same for the camera and the projector. However, it is hard to meet

he geometric constraints fully in practice. Then, researchers proposed

o remove the assumption of the parallel optical axes [68–79] . With the

elief on the geometric constraint, the flexibility of the fringe projection

ystem increases. However, the tilted projector illuminates the reference

lane with uneven fringe patterns, which increases the complexity of the

apping from phase to height. To further improve the flexibility, many

eneralized phase-height models have been investigated [80–95] . The

dvantage is that one can arrange the camera and the projector freely

ithout considering the geometric constraints. 

Instead of converting the phase into the height directly, triangular

tereo models exploit the phase in a different way for 3D reconstructions.

heir idea stems from the stereo vision model, where an object point is

easured by matching its image in different camera views. In triangu-

ar stereo models, both the camera and the projector are calibrated. The

hase serves as objects’ temporary texture that facilitates the search of

orresponding points in the views of the camera and the projector. In

hese models, the image projection is regarded as a reverse process of

mage capture. Therefore, the projector is utilized as an inverse camera,

hich is able to see the measurement point with the assistance of the

hase. Thus, the projector can be calibrated in the same way that one

alibrates a camera. To make the projector visible, a calibrated camera

an assist the projector to find necessary feature points for calibration

96–101] . However, the error of the camera calibration may propagate

nd affect the accuracy of the projector calibration. To handle this issue,

rojector calibration approaches without requiring the camera calibra-

ion have been proposed [100,102–106,106–127] . They can avoid the

nfluence of the camera calibration error on the projector calibration,

hus increasing the accuracy of the system calibration. Calibration tech-

iques for microscopic fringe projection profilometry also utilize the

riangular stereo model. However, the imaging model is different due

o the usage of telecentric lenses. For the calibration of a microscopic

ringe projection system, readers may refer to Refs. [128–132] . 

Some calibration methods have presented phase-height models

here the camera is calibrated [88,133–146] . In traditional phase-

eight models, a reference plane should be measured at several known

eights. The reference plane’s accurate movement is performed by using

xpensive high-precision displacement stages or gauge blocks. However,

he displacement stage is no longer necessary if the camera is calibrated.

pecifically, the camera is calibrated by using a calibration board plac-

ng arbitrarily in front of it. The calibration board at the first orien-

ation can be treated as a reference plane. The board at the rest ori-

ntations can be used as the reference planes at different heights. The

otation and the translation between each calibration board’s orienta-

ion can be estimated once the camera has been calibrated. Thus, the

D positions of the feature points on the calibration board at the rest

rientations can be transformed into the coordinate system determined

y the calibration board’s first position. Each feature point’s height can

hen be obtained by calculating its distance to the reference plane fitted

y feature points of the calibration board at the first position. In this

ay, the displacement stage is no longer needed in these phase-height

odels. 

As can be seen, there are various calibration methods in fringe pro-

ection profilometry. However, researchers especially beginners often

pend large amounts of time searching for a proper calibration approach.

espite significant improvements and wide applications, there are few

ublished works regarding the comparison of calibration methods. In

his work, we select several representative calibration methods for com-

arison. The selected calibration models are the linear phase-height

odel, the linear inverse phase-height model, the polynomial phase-

eight model, the governing equation based phase-height model, and
2 
he triangular stereo model where the projector is calibrated without

he assistance of a calibrated camera. 

First, we introduce basic theories of the phase computation and the

hase unwrapping in fringe projection. Then, the principles of the se-

ected calibration models are described. Next, these models are eval-

ated by one qualitative and three quantitative experiments. In the

rst quantitative experiment, we compare the accuracy of reconstructed

lanes at different heights which are known in advance. In the second

uantitative experiment, we calibrate our system by limiting the move-

ent of calibration tools (e.g., the reference plane and the calibration

oard) within half of the measurement volume but test the plane’s re-

onstruction accuracy in the full range. This experiment aims to show

ach calibration method’s sensitivity to the measurement volume that is

ot calibrated. In the third quantitative experiment, phase-shifting algo-

ithms of different steps are used to study the effect of a phase retrieval

lgorithm on the system calibration. In the qualitative experiment, the

erformance of the selected model is compared through measurements

f a complex plaster model. After experimental evaluations, we further

iscuss these techniques from eight aspects, including the type of re-

rieved 3D data, the extraction of feature points for calibration, the ef-

ect of the system nonlinearity on calibration, the selection of an ap-

ropriate calibration method for 3D measurements out of the lab, the

election of the proper volume to be calibrated, potentials for real-time

D measurements, and how to reduce the cost of calibration tools. It is

oteworthy that sample codes of these compared methods are provided

ith this paper, which would facilitate a quick start of these methods.

e hope this work would provide useful hints for readers to find the

esired calibration method rapidly. 

. Phase calculation 

A basic fringe projection system consists of a projector and a cam-

ra, as shown in Fig. 1 . The projector illuminates measured objects with

re-designed patterns, and the camera captures the patterns that are

istorted by the object’s surface from a different viewpoint. A wrapped

hase map can be extracted from the captured fringe patterns by fringe

nalysis techniques, e.g., single-shot methods [51,53,57–59] or multi-

hot methods [52] . Here, we take the 𝑁-step phase-shifting algorithm

s an example since it is a representative multi-shot method and has the

dvantage of high accuracy. The captured fringe images can be written

s 

 𝑛 ( 𝑥, 𝑦 ) = 𝐼 𝑎 ( 𝑥, 𝑦 ) + 𝐼 𝑏 ( 𝑥, 𝑦 ) cos 
[
𝜑 ( 𝑥, 𝑦 ) − 2 𝜋𝑛 ∕ 𝑁 

]
(1)

here 𝑛 ∈ [ 0 , 𝑁 − 1 ] , 𝐼 𝑎 is the background image, 𝐼 𝑏 the modulation im-

ge and ( 𝑥, 𝑦 ) the camera pixel coordinate. 𝜑 is the phase that can be

alculated by 

 ( 𝑥, 𝑦 ) = tan −1 
∑𝑁−1 

𝑛 =0 𝐼 𝑛 ( 𝑥, 𝑦 ) sin (2 𝜋𝑛 ∕ 𝑁) ∑𝑁−1 
𝐼 𝑛 ( 𝑥, 𝑦 ) cos (2 𝜋𝑛 ∕ 𝑁) 

(2)
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Fig. 2. Schematic of the classic phase-height 

model where the optical axes of the camera and 

the projector are parallel. 
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The phase obtained by Eq. (2) is wrapped within − 𝜋 to 𝜋. To retrieve

 continuous phase distribution, phase unwrapping is carried out by 

( 𝑥, 𝑦 ) = 𝜑 ( 𝑥, 𝑦 ) + 2 𝜋𝐾( 𝑥, 𝑦 ) (3)

here 𝜙 is the unwrapped phase and 𝐾 the fringe order that is com-

uted by the phase unwrapping algorithms [62,64,65,147,148] . Once

he fringe projection system has been calibrated, the unwrapped phase

can be converted into the 3D reconstruction. 

. Principles of system calibration 

Over the past few decades, various calibration methods have been

roposed. They can be roughly categorized into two groups: phase-

eight models and triangular stereo models. In the phase-height mod-

ls, a reference plane with height ℎ ( 𝑥, 𝑦 ) = 0 is required. The object’s

eight is then measured relative to the position of the reference plane.

he phase plays a role that relates to the height directly. Specifically,

he height can be a function of a phase difference, which is the differ-

nce between the object’s phase and the reference plane’s phase, i.e.,

 ( 𝑥, 𝑦 ) = 𝑓 ( 𝑥, 𝑦, Δ𝜙, 𝛉) , where 𝛉 is a vector that consists of parameters to

e calibrated. Alternatively, the height can also be the function of the

bject’s phase itself, i.e., ℎ ( 𝑥, 𝑦 ) = 𝑓 ( 𝑥, 𝑦, 𝜙, 𝛉) . 
In a triangular stereo model, however, the phase is not converted

nto the height directly but instead acts as a bridge to connect the cam-

ra pixel and the projector pixel as shown in Fig. 1 . This model can be

onsidered as an extension of the stereo vision model. Intrinsic and ex-

rinsic parameters of the camera and the projector are determined by the

ystem calibration. With known positions of the camera pixel and the

rojector pixel, the 3D coordinate of the object point can be calculated

hrough triangulation. 

Here, we choose several representative calibration models, which

re the linear phase-height model, the inverse linear phase-height

odel, the polynomial phase-height model, the governing equation

ased phase-height model, and the triangular stereo model where the

rojector is calibrated without the assistance of a calibrated camera. 

.1. Classic phase-height models 

In the early phase-height model [53] , the optical axes of the projec-

or and the camera are supposed to keep parallel. Both axes are perpen-

icular to a reference plane. Further, the distances of the projector and

amera are the same from the reference plane. The illustration is shown

n Fig. 2 , where ℎ is the height of measured point 𝐵 and 𝑑 the distance

rom optical centers (i.e., 𝑂 𝑝 and 𝑂 𝑐 ) to the reference plane. 
3 
According to Fig. 2 , since Δ𝐷𝐸𝐵 is similar to Δ𝑂 𝑐 𝑂 𝑝 𝐵, the height of

oint 𝐵 can be calculated by 

 = 

𝐷𝐸 ⋅ 𝑑 

𝑙 + 𝐷𝐸 

(4)

t the reference plane, uniform projected fringes can be observed as the

xis of projector is perpendicular to the reference plane. Consequently,

he length of 𝐷𝐸 can be obtained by 𝐷𝐸 = 

𝜙𝐷 − 𝜙𝐸 
2 𝜋 𝑝 = 

𝜙𝐷𝐸 

2 𝜋 𝑝, where 𝑝 is

he width of a projected stripe on reference plane. Then, Eq. (4) can be

ritten as 

 = 

𝜙𝐷𝐸 ⋅ 𝑝 ⋅ 𝑑 
𝜙𝐷𝐸 ⋅ 𝑝 + 2 𝜋𝑙 

(5)

here 𝑝, 𝑙, 𝑑 are the parameters to be calibrated in this phase-height

odel. Usually, they can be measured manually once the system is fixed.

s a result, the height is determined by the phase difference 𝜙𝐷𝐸 . From

he viewpoint of the projector, the phase is invariant for points on the

ame light ray, leading to 𝜙𝐵 = 𝜙𝐸 . Then, the phase difference 𝜙𝐷𝐸 can

e solved as 𝜙𝐷𝐸 = 𝜙𝐷𝐵 , where 𝐷 is a point on the reference plane. As

oints 𝐵 and 𝐷 would be captured by the same camera pixel, we need

o obtain two phase maps. First, only the phase of the reference plane is

easured. Then, the object’s phase is measured when it is deployed in

ront of the reference plane. By subtracting the reference plane’s phase

rom the object’s phase, the phase difference is obtained. 

The parallel-axis classic model is intuitive and easy to understand.

evertheless, it is difficult to apply since the geometric constraints are

ard to meet in practical applications. Also, it is not easy to measure the

arameters accurately by hand. Further, the parallel-axis arrangement

ends to limit the common view of the projector and the camera, thus

estricting the measurement volume. 

Cross-axis phase-height models are developed by removing the as-

umption of parallel optical axes. We keep the distance 𝑑 unchanged

nd slightly rotate the camera or the projector as illustrated in Fig. 3 .

t can be seen that the stripe’s width on the reference plane is constant

f only the camera is rotated as shown in Fig. 3 (a). In this case, since

he coefficients 𝑝, 𝑑, and 𝑙 are constant, Eq. (5) is still applicable. If we

otate the projector to illuminate the object from the side ( Fig. 3 (b) and

ig. 3 (c)), however, the distribution of fringes projected on the reference

lane will no longer be uniform. Therefore, the phase-height relation-

hip should be changed into 

 = 

𝜙𝐷𝐸 ⋅ 𝑝 ( 𝑥 ) ⋅ 𝑑 
𝜙𝐷𝐸 ⋅ 𝑝 ( 𝑥 ) + 2 𝜋𝑙 

(6)

here the width of a projected stripe is changed from a constant 𝑝 into a

ariable 𝑝 ( 𝑥 ) that is determined by the position on the reference plane.
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Fig. 3. Schematics of several classic phase- 

height models where the optical axes of the 

camera and the projector are not parallel. (a) 

The camera is tilted; (b) the projector is tilted; 

(c) both of the camera and the projector are 

tilted. 

Fig. 4. Pixel-wise mapping of the linear phase-height model. 
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ℎ  
he varying fringe brings about a nonlinear spatial distribution of the

arrier frequency [69,78,149] . To cope with this issue, one can derive

he distribution of 𝑝 ( 𝑥 ) explicitly [76] or pre-distort the projected fringe

atterns [68,72] . 

.2. Linear phase-height model 

The linear phase-height model is the most simplest calibration model

n fringe projection [79] . According to Fig. 2 , if 𝑙 ≫ 𝐷𝐸 for some cases,

q. (4) can be simplified as 

 ≈ 𝐷𝐸 ⋅ 𝑑 
𝑙 

= 

𝑝 ⋅ 𝑑 
2 𝜋𝑙 

𝜙𝐷𝐸 = 𝑘 𝜙𝐷𝐸 (7)

here 𝑘 is the only parameter to be calibrated. It is noted that Eq. (7) is

alid under the assumption that points 𝐴, 𝐵, 𝐶, 𝐷 and 𝐸 are in the same

lane (i.e., the plane of the paper). In practice, however, the height of

easured objects may not be uniform. Therefore, to measure the whole

bject, pixel-wise mapping is preferred, which is demonstrated in Fig. 4 .

herefore, with Δ𝜙( 𝑥, 𝑦 ) = 𝜙𝐷𝐸 ( 𝑥, 𝑦 ) , Eq. (7) is converted into 

 ( 𝑥, 𝑦 ) = 𝑘 ( 𝑥, 𝑦 )Δ𝜙( 𝑥, 𝑦 ) (8)
4 
To calculate the pixel-wise parameter 𝑘 ( 𝑥, 𝑦 ) , we only need to mea-

ure a reference plane at a known height in theory. However, more mea-

urements at different heights are suggested to increase the accuracy of

he calibrated 𝑘 ( 𝑥, 𝑦 ) , which can be solved by applying the least-square

lgorithm. The advantage of the linear model is that it is simple and can

e computed without a heavy computation burden. However, the dis-

dvantage is the limited measurement accuracy when the assumption

 ≫ 𝐷𝐸 is not satisfied. 

.3. Linear inverse phase-height model 

To release the strict geometric constraints, researchers developed a

exible model where there is no strict geometric constraint on the sys-

em configuration [95] . It is called the linear inverse phase-height model

n this work, as there is a linear relationship between the reciprocal

eight and the reciprocal phase difference. In this model, the camera

nd the projector can be deployed arbitrarily as long as the measured

bject can be illuminated and captured by them. The phase-height rela-

ionship can be written as 

1 
ℎ ( 𝑥, 𝑦 ) 

= 𝑎 ( 𝑥, 𝑦 ) + 𝑏 ( 𝑥, 𝑦 ) 1 
Δ𝜙( 𝑥, 𝑦 ) 

(9)

here Δ𝜙( 𝑥, 𝑦 ) is the phase difference, 𝑎 ( 𝑥, 𝑦 ) and 𝑏 ( 𝑥, 𝑦 ) are pixel-wise

arameters to be calibrated. A simulation of a fitted curve is shown

n Fig. 5 . By the least-square algorithm, a reference plane measured at

everal known heights can be used to fit parameters 𝑎 ( 𝑥, 𝑦 ) and 𝑏 ( 𝑥, 𝑦 ) . 
It is noteworthy that Eq. (9) can be rearranged into 

𝜙( 𝑥, 𝑦 ) = ℎ ( 𝑥, 𝑦 )Δ𝜙( 𝑥, 𝑦 ) 𝑎 ( 𝑥, 𝑦 ) + ℎ ( 𝑥, 𝑦 ) 𝑏 ( 𝑥, 𝑦 ) . (10)

t first glance, both Eq. (9) and Eq. (10) are suitable for calibration.

n fact, however, their performance is different. Due to the presence of

oise in actual measurements, the reconstruction error of Eq. (9) shows

 dependency on the objects height [82,150] . The higher the object, the

arger the error. By comparison, Eq. (10) can estimate the height un-

er the same condition more robustly. Our experiment in Section 4 will

urther demonstrate their different performance. 

.4. Polynomial phase-height model 

By rearranging Eq. (9) , we can also obtain 

 ( 𝑥, 𝑦 ) = 

Δ𝜙( 𝑥, 𝑦 ) 
𝑎 ( 𝑥, 𝑦 )Δ𝜙( 𝑥, 𝑦 ) + 𝑏 ( 𝑥, 𝑦 ) 

(11)
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Fig. 5. The linear relationship between the reciprocal height and the reciprocal 

phase difference. 

Fig. 6. A simulated polynomial fitting of the relationship between the height 

and the phase difference Δ𝜙. 
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i  
his equation shows a nonlinear relationship between the height ℎ ( 𝑥, 𝑦 )
nd the phase difference Δ𝜙( 𝑥, 𝑦 ) [82] . Thus, these parameters can be

stimated with nonlinear least-square algorithms. However, the perfor-

ance of the nonlinear fitting process depends on the initial values of

 ( 𝑥, 𝑦 ) and 𝑏 ( 𝑥, 𝑦 ) , which may affect the stability of the algorithm. To

ope with this issue, researchers suggested a polynomial fitting approach

o approximate this nonlinear relationship [144] , leading to 

 ( 𝑥, 𝑦 ) = 

𝑛 ∑
𝑖 =0 

𝑎 𝑖 ( 𝑥, 𝑦 )Δ𝜙( 𝑥, 𝑦 ) 𝑖 (12)

here 𝑎 𝑖 ( 𝑥, 𝑦 ) is the pixel-wise coefficient to be calibrated. The coeffi-

ients are often saved after the calibration and then loaded during the 3D

easurement. A simulated polynomial phase-height mapping is shown

ig. 6 . Actually, the effect of lens distortion on the surface reconstruc-

ion can be relieved by increasing the degree of polynomial. However,

 should be carefully adjusted as Runge phenomenon may occur when

 high-degree polynomial function is used [81] . 

.5. Governing equation based phase-height model 

The governing equation based phase-height model is also a general-

zed model where the projector and the camera can be arranged arbi-

rarily [84] . The phase-height mapping can be written as 

 ( 𝑥, 𝑦 ) = 

𝐶 0 + 𝐶 1 𝜙( 𝑥, 𝑦 ) + 

[
𝐶 2 + 𝐶 3 𝜙( 𝑥, 𝑦 ) 

]
𝑥 + 

[
𝐶 4 + 𝐶 5 𝜙( 𝑥, 𝑦 ) 

]
𝑦 

𝐷 0 + 𝐷 1 𝜙( 𝑥, 𝑦 ) + 

[
𝐷 2 + 𝐷 3 𝜙( 𝑥, 𝑦 ) 

]
𝑥 + 

[
𝐷 4 + 𝐷 5 𝜙( 𝑥, 𝑦 ) 

]
𝑦 

(13)
5 
here 𝐶 0 − 𝐶 5 and 𝐷 0 − 𝐷 5 are coefficients that are calibrated using gauge

locks with known heights or reference planes with known heights.

he coefficients can be estimated by nonlinear regression methods, e.g.,

he Levenberg-Marquardt algorithm. Unlike the models mentioned in

ections 3.1 to 3.4, the governing equation based phase-height model

onverts the object’s phase 𝜙 rather than the phase difference Δ𝜙 into

he height. The reason is that there is a one to one correspondence be-

ween the object’s phase (i.e., the unwrapped phase) and the object’s

eight for each pixel [33] . The second difference is that the pixel co-

rdinate ( 𝑥, 𝑦 ) is involved during the height calculation as shown in

q. (13) . Therefore, instead of being pixel-wise, the coefficients 𝐶 0 − 𝐶 5 
nd 𝐷 0 − 𝐷 5 are constant for all of the pixels. This model can save the

emory used to store the coefficients. 

.6. Triangular stereo model 

In the mentioned phase-height models, neither the camera nor the

rojector is calibrated. However, the triangular stereo model requires

he calibration of both the camera and the projector. The pine-hole

odel is often used to calibrate a camera. The projector can be treated

s an inverse camera because the projection process is inverse to the

maging process. Therefore, the projector can be calibrated in the same

ay we calibrate the camera. The key to calibrate a projector is that it

eeds to capture feature points as a camera does. Therefore, the phase

lays a significant role in correlating a camera pixel to a projector pixel.

his model assumes that the projector and the camera are deployed ar-

itrarily as long as the measured object is in their common viewing field.

n this section, we first introduce the camera calibration and then ex-

lain how to calibrate the projector. At last, the joint calibration of the

amera and the projector is presented. 

.6.1. Camera calibration 

To calibrate a camera, the pin-hole model is widely used to describe

he imaging process, which is illustrated in Fig. 7 . 𝑂 𝑤 − 𝑋 𝑤 𝑌 𝑤 𝑍 𝑤 is the

orld coordinate system, and 𝑂 𝑐 − 𝑋 𝑐 𝑌 𝑐 𝑍 𝑐 is the camera coordinate sys-

em where 𝑂 𝑐 is the projection center of the camera. The imaging plane

s at 𝑧 𝑐 = 𝑓, where 𝑓 is the focal length. The imaging plane is paral-

el to the plane 𝑋 𝑐 𝑌 𝑐 𝑂 𝑐 . A virtual normalized plane is constructed at

 𝑐 = 1 and is parallel to the imaging plane. Assume that there is a point

 = 

(
𝑥 𝑤 , 𝑦 𝑤 , 𝑧 𝑤 

)𝑇 
in 3D space and it is captured by the pixel 𝐱 = ( 𝑥, 𝑦 ) 𝑇 at

he imaging plane, where 𝑇 means transpose. In this paper, we represent

heir homogeneous coordinates as �̃� = 

(
𝑥 𝑤 , 𝑦 𝑤 , 𝑧 𝑤 , 1 

)𝑇 
and �̃� = ( 𝑥, 𝑦, 1) 𝑇 ,

espectively. The imaging process of a pin-hole model can be written as

151] 

�̃� = 𝐊 [ 𝐑 |𝐭 ] ̃𝐗 (14)

here 𝛼 is a scalar factor, 𝐑 a 3 × 3 rotation matrix and 𝐭 a 3 ×
 translation vector. The extrinsic matrix [ 𝐑 |𝐭 ] transforms the point
̃
 = 

(
𝑥 𝑤 , 𝑦 𝑤 , 𝑧 𝑤 , 1 

)𝑇 
into the camera coordinate system by 

̃
 𝑐 = 

[ 
𝐑 𝐭 
0 1 

] 
�̃� (15) 

The matrix 𝐊 in Eq. (14) is the intrinsic matrix of the camera and

an be written as 

 = 

⎛ ⎜ ⎜ ⎝ 
𝑓 𝑥 𝑠 𝑥 0 
0 𝑓 𝑦 𝑦 0 
0 0 1 

⎞ ⎟ ⎟ ⎠ (16)

here 𝑓 𝑥 = 𝑓∕Δ𝑥 and 𝑓 𝑦 = 𝑓∕Δ𝑦 are focal lengths (with the unit in pixels)

fter considering the size of camera pixels, in which Δ𝑥 and Δ𝑦 are the

ize of the pixel at different directions. They would be different if the

amera pixel is not in a square shape. ( 𝑥 0 , 𝑦 0 ) 𝑇 is the principal point that

s near the center of the imaging plane. 𝑠 is the skew coefficient which

s not zero if the image axes are not perpendicular. 

The pin-hole model represented by Eq. (14) describes a linear imag-

ng process. In practice, however, the imaging process is nonlinear due
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Fig. 7. Diagram of a pinhole camera. 

Fig. 8. The effects of the radical distortion and the tangential distortion. 
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b  
o the presence of lens distortion that can change the direction of incom-

ng light. Ideally, the projection of 𝐗 𝑐 = 

(
𝑥 𝑐 , 𝑦 𝑐 , 𝑧 𝑐 

)𝑇 
at the normalized

lane is 
 

𝑥 𝑛 
𝑦 𝑛 

) 

= 

( 

𝑥 𝑐 ∕ 𝑧 𝑐 
𝑦 𝑐 ∕ 𝑧 𝑐 

) 

(17)

he lens distortion changes the position of 𝐱 𝑛𝑜𝑟𝑚 = ( 𝑥 𝑛 , 𝑦 𝑛 ) 𝑇 , thus affect-

ng the imaging process. In this paper, we introduce two kinds of lens

istortion that are the radical distortion and the tangential distortion,

hose effects are shown in Fig. 8 . The calibration of these kinds of lens

istortion can meet the requirement of most cases. The radical distortion

𝐫 can be written as [152] 

𝐫 = 

( 

𝑘 1 𝑟 
2 
𝑛 
+ 𝑘 2 𝑟 

4 
𝑛 
+ 𝑘 3 𝑟 

6 
𝑛 

𝑘 1 𝑟 
2 
𝑛 
+ 𝑘 2 𝑟 

4 
𝑛 
+ 𝑘 3 𝑟 

6 
𝑛 

) ( 

𝑥 𝑛 
𝑦 𝑛 

) 

(18)

here 𝑟 𝑛 = 

√ 

𝑥 2 
𝑛 
+ 𝑦 2 

𝑛 
. The tangential distortion 𝛅𝐭 can be expressed as

153] 

𝐭 = 

( 

2 𝑘 4 𝑥 𝑛 𝑦 𝑛 + 𝑘 5 (2 𝑥 2 𝑛 + 𝑟 2 
𝑛 
) 

𝑘 4 (2 𝑦 2 𝑛 + 𝑟 2 
𝑛 
) + 2 𝑘 5 𝑥 𝑛 𝑦 𝑛 

) 

. (19)

In Eqs. (18) and (19) , a vector 𝐤 = ( 𝑘 1 , 𝑘 2 , 𝑘 3 , 𝑘 4 , 𝑘 5 ) can be used to

epresent the coefficients of the lens distortion, in which ( 𝑘 , 𝑘 , 𝑘 ) are
1 2 3 

6 
he coefficients of the radical distortion and ( 𝑘 4 , 𝑘 5 ) are those of the tan-

ential distortion. Affected by the lens distortion, the normalized point

an be represented as 

 𝑑𝑛 = 

( 

𝑥 𝑑𝑛 
𝑦 𝑑𝑛 

) 

= 

( 

𝑥 𝑛 
𝑦 𝑛 

) 

+ 𝛿𝑟 + 𝛿𝑡 (20)

The final imaging pixel is changed into 𝐱 𝑑 = ( 𝑥 𝑑 , 𝑦 𝑑 ) 𝑇 by 

̃
 𝑑 = 𝐊 ̃𝐱 𝑑𝑛 (21)

The goal of camera calibration is to estimate the intrinsic matrix K,

he extrinsic matrix [ 𝐑 |𝐭 ] , and the distortion vector 𝐤 . Given 𝑛 images of

 calibration board and 𝑚 feature points found on the calibration board.

hese coefficients can be obtained by minimizing the sum of reprojec-

ion errors 

in 
arg 

𝑛 ∑
𝑖 =1 

𝑚 ∑
𝑗=1 

‖‖‖𝐱 𝑖𝑗 − ̂𝐱 
𝑖𝑗 
( 𝛉𝐊 , 𝛉

𝐑𝐓 
𝑖 

) ‖‖‖2 (22) 

here 𝛉𝐊 consists of entries in the intrinsic matrix K and the distortion

ector 𝐤 . 𝛉𝐑𝐓 
𝑖 

consists of coefficients in extrinsic matrix 
[
𝐑 𝑖 |𝐭 𝑖 ]. 𝐱 𝑖𝑗 is

he actual image coordinate extracted by image processing techniques

nd �̂� 
𝑖𝑗 
( 𝜃

𝐾 
, 𝜃𝑅𝑇 

𝑖 
) is the projection of point 𝐗 𝑗 in image 𝑖 according to

q. (14) where the lens distortion of Eqs. (18) and (19) are consid-

red. To solve Eq. (22) , a nonlinear least-square fitting algorithm can

e used, e.g., the Levenberg-Marquardt algorithm. Nowadays, there are

ome toolboxes available for the camera calibration, which are easy to

se and very helpful [154–156] . For more details on the camera cali-

ration, readers may refer to Refs. [151,157] . 

.6.2. Projector calibration 

To calibrate a projector, the strategy without the assistance of a cal-

brated camera is introduced [102,103,119] . The key to the projector

alibration is to find the feature points seen by the projector. As the

ringe projection system consists of a camera and a projector, the cam-

ra can help the projector see the feature points. The phase information

an be used to find the projector pixel, which corresponds to a camera

ixel with the same phase. 

Analogous to the camera calibration, the projector calibration re-

uires to capture a calibration board at some random positions. The cali-

ration board is placed in front of the fringe projection system. Then, the
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Fig. 9. Schematic of how a projector sees a 

measured point with the assistance of an un- 

calibrated camera. 
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Fig. 10. Schematic of the 3D reconstruction in the triangular stereo model. 
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rojector illuminates the calibration board with fringe images, e.g., two

ets of 𝑁-step phase-shifting images, where one set consists of vertical

ringes and the other consists of horizontal fringes. An image of uniform

llumination can be obtained by averaging either set of the 𝑁 fringe im-

ges. The diagram of how a projector sees a measured point is shown

n Fig. 9 . Assume that a feature point on the calibration board is cap-

ured by a camera pixel ( 𝑥, 𝑦 ) 𝑇 . We can calculate an absolute phase map

𝑣 ( 𝑥, 𝑦 ) with the vertical fringe patterns by the 𝑁-step phase-shifting

lgorithm and temporal phase unwrapping algorithms. If the resolution

f the projector is 𝐻 𝑝 ×𝑊 𝑝 , and the number of stripes of the projected

attern is 𝑛 𝑣 , the camera pixel ( 𝑥, 𝑦 ) 𝑇 would correspond to a vertical line

n the projector plane with the coordinate of 

 𝑝 = 

𝜙𝑣 ( 𝑥, 𝑦 ) 𝑊 𝑝 

2 𝜋𝑛 𝑣 
. (23)

By using the absolute phase extracted from the horizontal phase-

hifting images, we can find a horizontal line on the projector plane

ith the coordinate of 

 𝑝 = 

𝜙ℎ ( 𝑥, 𝑦 ) 𝐻 𝑝 

2 𝜋𝑛 ℎ 
. (24)

here 𝜙ℎ ( 𝑥, 𝑦 ) is the absolute phase calculated with the horizontal fringe

mages and 𝑛 ℎ the number of horizontal stripes of projected fringes. By

sing Eqs. (23) and (24) , the feature point is seen by the projector pixel

 𝑥 𝑝 , 𝑦 𝑝 ) 𝑇 which is the intersection of the vertical and the horizontal line.

iven 𝑛 images of a calibration board and 𝑚 points found on the calibra-

ion board, we can calibrate the projector in a similar way we calibrate

he camera 

in 
arg 

𝑛 ∑
𝑖 =1 

𝑚 ∑
𝑗=1 

‖‖‖𝐱 𝑝 𝑖𝑗 − ̂𝐱 𝑝 
𝑖𝑗 
( 𝛉𝑝 𝐊 , 𝛉

𝐑 𝑝 𝐓 𝑝 
𝑖 

) ‖‖‖2 (25) 

here 𝛉𝑝 𝐊 consists of the coefficients in the projectors intrinsic matrix

nd distortion vector. 𝛉𝐑 𝑝 𝐓 𝑝 
𝑖 

consists of coefficients of the extrinsic ma-

rix 
[
𝐑 

𝐩 
𝑖 
|𝐭 𝐩 
𝑖 

]
of the projector. 𝐱 𝑝 

𝑖𝑗 
is obtained by Eqs. (23) and (24) , and

̂
 

𝑝 

𝑖𝑗 
is the projection of point 𝐗 𝑗 in image 𝑖 . 

.6.3. Camera-projector joint calibration 

The purpose of joint calibration is to improve the calibration accu-

acy through minimizing the reprojection errors of the camera and the

rojector simultaneously. Prior to the joint calibration, the camera and

he projector are calibrated separately by the same set of calibration im-

ges, which ensures the same world coordinate system. Assume a point

 = ( 𝑥 , 𝑦 , 𝑧 ) 𝑇 is captured by the camera pixel 𝐱 = ( 𝑥, 𝑦 ) 𝑇 and by the
𝑤 𝑤 𝑤 

7 
rojector pixel 𝐱 𝑝 = ( 𝑥 𝑝 , 𝑦 𝑝 ) 𝑇 , respectively, the joint calibration can be

arried out by 

in 
arg 

𝑛 ∑
𝑖 =1 

𝑚 ∑
𝑗=1 

‖‖‖𝐱 𝑖𝑗 − ̂𝐱 
𝑖𝑗 
( 𝛉𝐜 𝐊 , 𝛉

𝐑𝐓 
𝑖 

) ‖‖‖2 + 

‖‖‖𝐱 𝑝 𝑖𝑗 − ̂𝐱 𝑝 
𝑖𝑗 
( 𝛉𝐩 𝐊 , 𝛉

𝐩𝐜 ) ‖‖‖2 (26) 

here 𝛉𝐜 𝐊 , 𝛉
𝐩 
𝐊 , 𝛉

𝐑𝐓 
𝑖 

and 𝛉𝐩𝐜 include all the coefficients to be calibrated.
𝐩𝐜 consists of a rotation matrix 𝐑 

𝐩𝐜 and a translation matrix 𝐭 𝐩𝐜 , which

an convert a point in the projector coordinate system to the one in

he camera coordinate system through ( 𝑥 𝑐 , 𝑦 𝑐 , 𝑧 𝑐 ) 𝑇 = 𝐑 

𝐩𝐜 ( 𝑥 𝑝 , 𝑦 𝑝 , 𝑧 𝑝 ) 𝑇 +
 

𝐩𝐜 . Equation (26) can be solved by nonlinear fitting algorithms (e.g.,

he Levenberg-Marquardt algorithm), where the initial values can be

btained from the results of the separate calibration of the camera and

he projector. 

.6.4. 3D reconstruction 

When the camera and the projector have been calibrated, we can

imply use stereo vision algorithms to reconstruct 3D models [17] . As-

ume we have a 3D point 𝐗 = ( 𝑥 𝑤 , 𝑦 𝑤 , 𝑧 𝑤 ) 𝑇 to be reconstructed. As shown

n Fig. 10 , this point is captured by the camera pixel 𝐱 = ( 𝑥, 𝑦 ) 𝑇 and the

rojector pixel 𝐱 𝑝 = ( 𝑥 𝑝 , 𝑦 𝑝 ) 𝑇 , which is calculated by Eqs. (23) and (24) .

hen the lens distortion has been corrected, we can reconstruct the 3D

oint 𝐗 by 

̃
 = 𝐏 𝑐 �̃� (27) 

̃
 

𝑝 = 𝐏 𝑝 �̃� (28) 
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Fig. 11. The process to calibrate the measure- 

ment volume for the phase-height models. 
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Fig. 12. The calibration board used in the calibration of the triangular stereo 

model. 
here 𝐏 𝑐 = 𝐊 [ 𝐑 |𝐭 ] and 𝐏 𝑝 = 𝐊 

𝑝 [ 𝐑 

𝑝 |𝐭 𝑝 ] are the projection matrix of the cam-

ra and the projector, respectively. Equations (27) and (28) can be re-

rranged into 𝐀 ̃𝐗 = 0 , where 𝐀 is 

 = 

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

𝑥 𝐏 3 
𝑐 
− 𝐏 1 

𝑐 

𝑦 𝐏 3 
𝑐 
− 𝐏 2 

𝑐 

𝑥 𝑝 𝐏 3 𝑝 − 𝐏 1 
𝑝 

𝑦 𝑝 𝐏 3 𝑝 − 𝐏 2 
𝑝 

⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 
(29)

here 𝐏 𝑖 
𝑐 

is the 𝑖 th row of 𝐏 𝑐 and 𝐏 𝑖 
𝑝 

the 𝑖 th row of 𝐏 𝑝 . The solution to

q. (29) is the null space of 𝐀 . As Eq. (29) is redundant actually, we can

educe the number of projected fringe image by only projecting a single

et of fringe images in the 3D reconstruction [105] . Assume that the

rojector and camera are arranged horizontally and only vertical fringe

mages are projected, we can obtain the horizontal coordinate 𝑥 𝑝 by

sing the phase 𝜙𝑣 ( 𝑥, 𝑦 ) according to Eq. (23) . If the camera projection

atrix 𝐏 𝑐 is 

 

𝑐 = 

⎛ ⎜ ⎜ ⎜ ⎝ 
𝑝 𝑐 11 𝑝 𝑐 12 𝑝 𝑐 13 𝑝 𝑐 14 

𝑝 𝑐 21 𝑝 𝑐 22 𝑝 𝑐 23 𝑝 𝑐 24 

𝑝 𝑐 31 𝑝 𝑐 32 𝑝 𝑐 33 𝑝 𝑐 34 

⎞ ⎟ ⎟ ⎟ ⎠ 
(30)

nd the projector projection matrix 𝐏 𝑝 is 

 

𝑝 = 

⎛ ⎜ ⎜ ⎜ ⎝ 
𝑝 
𝑝 

11 𝑝 
𝑝 

12 𝑝 
𝑝 

13 𝑝 
𝑝 

14 

𝑝 
𝑝 

21 𝑝 
𝑝 

22 𝑝 
𝑝 

23 𝑝 
𝑝 

24 

𝑝 
𝑝 

31 𝑝 
𝑝 

32 𝑝 
𝑝 

33 𝑝 
𝑝 

34 

⎞ ⎟ ⎟ ⎟ ⎠ 
(31)

iven the camera pixel 𝐱 = ( 𝑥, 𝑦 ) 𝑇 and the projector horizontal coordinate

 𝑝 , the 3D coordinate can be calculated by 

 

 

 

 

𝑥 𝑤 
𝑦 𝑤 
𝑧 𝑤 

⎞ ⎟ ⎟ ⎠ = 

⎛ ⎜ ⎜ ⎜ ⎝ 
𝑝 𝑐 11 − 𝑝 𝑐 31 𝑥 𝑝 𝑐 12 − 𝑝 𝑐 32 𝑥 𝑝 𝑐 13 − 𝑝 𝑐 33 𝑥 

𝑝 𝑐 21 − 𝑝 𝑐 31 𝑦 𝑝 𝑐 22 − 𝑝 𝑐 32 𝑦 𝑝 𝑐 23 − 𝑝 𝑐 33 𝑦 

𝑝 
𝑝 

21 − 𝑝 
𝑝 

31 𝑥 𝑝 𝑝 
𝑝 

22 − 𝑝 
𝑝 

32 𝑥 𝑝 𝑝 𝑐 23 − 𝑝 𝑐 33 𝑥 𝑝 

⎞ ⎟ ⎟ ⎟ ⎠ 
−1 ⎛ ⎜ ⎜ ⎜ ⎝ 

𝑝 𝑐 14 − 𝑝 𝑐 34 𝑥 

𝑝 𝑐 24 − 𝑝 𝑐 34 𝑦 

𝑝 𝑐 24 − 𝑝 𝑐 34 𝑥 𝑝 

⎞ ⎟ ⎟ ⎟ ⎠ 
(32) 

. Experiments 

To test the performace of the calibration approaches, we built a

ringe projection system. It contains a camera (acA640-750um, Basler)

nd a projector (DLP LightCrafter 4500, Texas Instruments). They were

eployed horizontally on an optical table without strict geometric con-

traints. The focal length of the camera lens (Computar) is 8 mm. In

ur experiments, we compared the linear phase-height model, the lin-

ar inverse phase-height model, the polynomial phase-height model, the

overning equation based phase-height model, and the triangular stereo

odel through both quantitative and qualitative evaluations. For the

ualitative experiment, sample codes (in Matlab) for the calibration and

he 3D reconstruction of these models are provided. 

To calculate the phase, we projected three sets of 12-step phase-

hifting patterns. In the three sets of images, the spatial frequencies of
8 
rojected patterns are 1, 8, 64, respectively. The 12-step phase-shifting

lgorithm was used to obtain the wrapped phase maps, and the multi-

requency temporal unwrapping method was applied for absolute phase

nwrapping [62] . In the 3D reconstructions, the unwrapped phase ex-

racted from the fringe images with the highest frequency (i.e., 64) was

onverted into height maps and 3D coordinates. 

.1. Quantitative experiments 

In quantitative experiments, the measurement volume to be cali-

rated was located 1 m to 1.2 m in front of the fringe projection system.

irst, we implemented the phase-height calibration models. We adopted

 white marble slab as the reference plane, which was moved by a mo-

orized linear positioner stage (PI, M-521 of positioning accuracy 0.1

𝑚 ). The illustration is shown in Fig. 11 . The height of ℎ = 0 mm was

et at 1.2 m in front of the system. During the calibration, the marble slab

oved at a step of 5 mm toward the system from ℎ = 0 mm and stoped

t ℎ = 200 mm. At each position, three sets of phase-shifting patterns

ere projected and captured. Once the phase was obtained, the phase-

eight mapping was calibrated by the linear phase-height model, the

inear inverse phase-height model, the polynomial phase-height model,

nd the governing equation based phase-height model. 

To calibrate the system with the triangular stereo model, we used a

at calibration target that is a black mental board painted with white

ots, as shown in Fig. 12 . These dots are arranged in 9 rows and 11

olumns. The diameter of the big dot is 15 mm and that of the small

ot is 7.5 mm. The distance of each center is 25 mm. The calibration

oard was deployed randomly within the same range from ℎ = 0 mm to

 = 200 mm. We projected three sets of vertical and horizontal 12-step
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Fig. 13. Experimental results of the calibra- 

tion board at two different positions. (a) and 

(e) show the image of the calibration board at 

two different positions, respectively; (b) and (f) 

are the captured vertical fringe images; (c) and 

(g) are the captured horizontal fringe images; 

(d) and (h) are the calculated centers for the 

projector calibration. 

Fig. 14. The reprojection errors of the camera 

(a) and the projector (b). 

Fig. 15. The white marble slab measured at 

ℎ = 0 mm. (a) The image of the marble slab; 

(b) one of the captured fringe images; (c) the 

wrapped phase; (d) the unwrapped phase. 
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hase-shifting patterns on the calibration board at each position and

aptured 21 different positions in total. After calculating the average

f captured 12-step phase-shifting images at each position, we obtained

1 images of the calibration board. Fig. 13 shows the images of the cal-

bration board captured at two different positions. The 2D coordinates

nd the phase of circles’ centers were calculated for the calibration of

he camera and the projector. The calibration errors of the camera and

he projector are shown in Fig. 14 , where the overall mean reprojection

rrors of the camera and the projector are 0.08 pixels and 0.11 pixels,

espectively. In the 3D reconstruction, the world coordinate system was

et on the calibration board at the first position. Only vertical phase-

hifting images were used for 3D measurements. 

.1.1. Calibration of the full measurement volume 

In the first quantitative experiment, we calibrated and tested the

elected models within the full range that is between ℎ = 0 mm and

 = 200 mm. The marble slab moving with 10 mm as a step, i.e., ℎ = 0
m, ℎ = 10 mm, ℎ = 20 mm to ℎ = 200 mm, was used to fit the phase-

eight models. In the polynomial model, a fifth-order function was ap-

lied. Fig. 15 shows experimental results of the marble slab at ℎ = 0 mm.

n the triangular stereo model, images of the calibration board captured

t 21 different positions were used to calculate the intrinsic and the ex-
9 
rinsic parameters of the camera and the projector. Moreover, the non-

inear triangular stereo model with the correction of the lens distortion

as implemented. 

To test the performance of each approach, the white marble slab was

easured at different positions, i.e., ℎ = 5 mm, ℎ = 15 mm, ℎ = 25 mm

o ℎ = 195 , which were accurately controlled by the positioner stage. We

ompared the estimated height with its nominal value. The mean abso-

ute error (MAE) and the standard deviation (STD) of the whole mea-

ured surface were calculated for quantitative evaluations. The measure-

ent errors of the selected calibration methods are shown in Figs. 16 .

he MAE of the linear phase-height model shows significant errors of a

hape of ‘W’ as can be seen in Figs. 16 (a). Large errors appeared when

he object was measured at ℎ = 0 , ℎ = 100 , and ℎ = 200 . The reason is

hat the actual relationship between the phase difference and the height

s not linear. The line fitted by the linear phase-height model has two in-

ersections with the curve obtained from the real phase-height relation-

hip. Therefore, the MAE is small when the object’s position is near the

ntersection. For the rest positions, however, the MAE tends to increase.

rom Figs. 16 (d), the STD of the linear model is also relatively large. In

he linear inverse phase-height model, the phase-height mapping was

alibrated by Eq. (9) (denoted by Inverse (1)) and Eq. (10) (denoted by

nverse (2)), respectively. In Figs. 16 (a) and (b), the MAE and the STD
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Fig. 16. Measurement errors at different 

heights. (a) The mean absolute error (MAE); (b) 

the standard deviation (STD); (c) zoom-in view 

of (a); (d) zoom-in view of (b). 
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f Inverse (1) are very obvious. The errors are relatively small between

 = 0 mm and ℎ = 100 mm but start to soar once the object height is

arger than 100 mm. Thus, the MAE and the STD of Inverse (1) are de-

endent on the object height. By comparison, the MAE and the STD of

nverse (2) are much smaller as demonstrated in Figs. 16 (c) and (d). In

he following experiments, the linear inverse phase-height mapping was

mplemented by Eq. (10) . 

As to the triangular stereo models, the nonlinear triangular model

hows reduced MAE and STD due to the correction of the lens distortion

f the camera and the projector. Compared with the triangular stereo

odels, the governing equation based phase-height model demonstrates

maller errors. The polynomial phase-height model and the linear in-

erse phase-height model (Inverse 2) have the smallest MAE and STD

mong all of the models. We find that the errors of the linear inverse

hase-height model, the polynomial phase-height model, the govern-

ng equation based phase-height model, and the triangular stereo model

ecrease when the object’s height is increasing. The reason is that the

igher the object, the closer it is to the fringe projection system. As the

aseline between the camera and the projector is fixed, the system is

ore sensitive to the varying height when the object moves towards it.

.1.2. Calibration of half of the measurement volume 

Measured objects are usually arranged within a volume that has been

ully calibrated. In this experiment, we only calibrated the measurement

ange between ℎ = 0 mm and ℎ = 100 mm. But, we still tested the mea-

urement accuracy of each calibration approach in the full measurement

ange, which are at ℎ = 5 mm, ℎ = 15 mm,..., ℎ = 185 mm, and ℎ = 195
m. Namely, the heights of ℎ = 105 mm to ℎ = 195 mm were not swept

ith our calibration target. This experiment aims to investigate the sen-

itivity of calibration methods to 3D reconstructions of objects that ex-

eed the valid calibrated volume. 

In Figs. 17 (a) and (b), we can see that the polynomial phase-height

odel shows the greatest dependence on the calibration space. In the

alibrated volume ℎ = 0 mm to ℎ = 100 mm, the MAE and the STD

re small, as shown in Figs. 17 (c) and (d). However, the errors raised

ery rapidly once the object was outside the calibrated space. It can be

een that the MAE and STD of the linear phase-height model, the linear

nverse phase-height model, and the governing equation based phase-
10 
eight model also increased when the calibration space failed to cover

he object. However, they are not as obvious as the errors of the poly-

omial phase-height model. The triangular stereo models are observed

ith the smallest sensitivity to the calibration volume among the se-

ected calibration models. In the uncalibrated range of ℎ = 100 mm to

 = 200 mm, their MAE and STD are smaller than 0.5 mm and 0.3 mm

espectively. It is noteworthy that they are still larger than the errors

hen the full range has been calibrated, as shown in Figs. 16 (c) and (d).

rom this experiment, we can see that we should make the calibration

pace cover the entire object as much as possible for better surface re-

onstruction with higher accuracy. If not, triangular stereo models may

e better choices for the system calibration. 

.1.3. Calibration with different phase-shifting algorithms 

The phase computation is essential to the calibration of system co-

fficients and the 3D reconstruction. The purpose of this experiment

s to study the influence of different phase-shifting algorithms. To this

nd, we compared the performance of the 3-step, 4-step, 6-step, and 12-

tep phase-shifting algorithms. In the implementation of each selection

odel, the same phase-shifting algorithm was used in the coefficient

alibration and the 3D reconstruction. 

For the linear phase-height model, according to Fig. 18 (a) differ-

nt phase-shifting algorithms show almost the same distribution of the

AE, which is very large and is dependant on the object height. From

ig. 18 (d), its STD reduces when the number of steps increases. As shown

n Figs. 18 (b), (c), (e), and (f), and Figs. 19 (a) and (d), the influence

f different phase-shifting algorithms on calibrating approaches of the

inear inverse phase-height model, the polynomial phase-height model,

nd the governing equation based phase-height model are similar. Their

alibration accuracy can be improved with phase-shifting algorithms of

 large number of steps. As to the triangular stereo models, the 4-step

hase-shifting method performed slightly better than the 3-step phase-

hifting method when the object’s height is smaller than 50 mm. The

ifference is tiny for the rest positions. The MAE and the STD of the tri-

ngular stereo models decrease significantly when the number of steps

ncreases to 6 and 12, as shown in Figs. 19 (b), (c), (e) and (f). Through

omparisons, the nonlinear triangular stereo model shows higher mea-

urement accuracy than the linear one as the former corrected the effect
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Fig. 17. The measurement error at different 

heights when only half of the volume was cali- 

brated. (a) The mean absolute error (MAE); (b) 

the standard deviation (STD); (c) zoom-in view 

of (a); (d) zoom-in view of (b). 

Fig. 18. The measurement error at differ- 

ent heights by different phase-shifting algo- 

rithms (part 1). (a) MAE of the linear phase- 

height model; (b) MAE of the linear inverse 

phase-height model; (c) MAE of the polyno- 

mial phase-height model; (d) STD of the linear 

phase-height model; (e) STD of the linear in- 

verse phase-height model; (f) STD of the poly- 

nomial phase-height model. 
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f lens distortion. In summary, phase-shifting algorithms with a large

umber of steps are favorable for improving the performance of the sys-

em calibration. 

.2. Qualitative experiment 

In the qualitative experiment, we slightly changed the measurement

olume that was between 600 mm to 700 mm in front of the system.

or the calibration of the phase-height models, the reference plane with

 = 0 mm was set at a distance of 700 mm. The range calibrated was

00 mm. The moving step of the marble slab is 5 mm. In the polyno-

ial phase-height model, a third degree polynomial was applied. For

he triangular stereo models, the calibration board was measured with

0 different positions within this range. 

p  

11 
The measurement object is a plaster model that was placed within

he calibrated volume. The 12-step phase-shifting algorithm was applied

n the coefficient calibration and 3D reconstruction. Fig. 20 shows the

stimated surface of each model, where the color represents the height

f each point. Overall, the test object has been measured successfully

ith all of the selected methods. We further investigated a cross-section

t row 280 of the estimated height maps. The results are demonstrated

n Fig. 21 , where the zoomed-in area corresponds to a section of the

bject’s face. As the real digital 3D model used in manufacturing is not

vailable for this purchased object, we used an industrial 3D scanner

OKIO 3M with an accuracy of 0.025mm) to obtain a reference pro-

le. We find that although the reconstructed plaster looks good with

he linear phase-height model as shown in Fig. 20 (a), its actual profile

eviates from the reference surface as can be seen in Fig. 21 . For the

inear triangular stereo model, its error is smaller than that of the linear

hase-height model but is still larger than those of the rest models. For
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Fig. 19. The measurement error at different 

heights by different phase-shifting algorithms 

(part 2). (a) MAE of the governing equation 

based phase-height model; (b) MAE of the tri- 

angular stereo model without lens distortion 

corrected; (c) MAE of the triangular stereo 

model with lens distortion corrected; (d) STD 

of the governing equation based phase-height 

model; (e) STD of the triangular stereo model 

without lens distortion corrected; (f) STD of 

the triangular stereo model with lens distortion 

corrected. 

Fig. 20. Height maps of the test plaster by 

different calibration methods. (a) The linear 

phase-height model; (b) the linear inverse 

phase-height model; (c) the polynomial phase- 

height model; (d) the governing equation based 

phase-height model; (e) the triangular stereo 

model without lens distortion corrected; (f) the 

triangular stereo model with lens distortion 

corrected. 

Fig. 21. Comparison of the cross section of 

the measured height for different calibration 

method. 

12 
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Fig. 22. Discussion and comparative assess- 

ment of the representative calibration methods 

from different aspects. 
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he polynomial phase-height model, the reconstructed area is not very

mooth as tiny grainy errors can be observed. Among all of the methods,

he nonlinear triangular stereo model, the linear inverse phase-height

odel, and the governing equation based phase-height model performed

D reconstructions that are more close to the reference 3D result. 

. Discussion 

In this section, we further discuss the selected calibration methods

rom eight aspects. We aim to facilitate the practical implementation of

hese techniques and help users choose an appropriate calibration algo-

ithm under given practical conditions. The comparison is summarized

n Fig. 22 . 

.1. Estimation of heights or 3D coordinates 

The phase-height models are developed to calculate the height ac-

ording to the phase. But, the relationship between the phase and

he horizontal coordinates 𝑥 and 𝑦 is often not considered. References

77,83,85,88,92,137–140,145,158,159] introduced several improved

hase-height models that can convert the phase into 𝑥 and 𝑦 coordi-

ates. By contrast, the triangular stereo model can estimate 𝑥, 𝑦, and

 coordinate inherently since the projector has been treated as an in-

erse camera. Two rays back-projecting from the camera pixel and the

rojector pixel can intersect at a 3D point in the measurement space. 

.2. Extraction of feature points 

For phase-height models, the feature points are the points that are

sed for fitting the phase-height function. To accurately extract the

hase information from each point, one needs to deploy a flat board

n the positioner stage carefully. It is important to make sure that the

oard’s normal direction is parallel to its moving direction. For the tri-

ngular stereo model, the positions of feature points on the calibration

oard should be measured accurately. The calibration board is usually

ade by painting specific patterns, e.g., circular patterns or checkboard

atterns. When a checkboard target is applied, the corner is often used

s the feature point. However, the phase at the corner may be inaccu-

ate when a black and white (B/W) checkboard is measured by a B/W

amera. In this case, a red-blue checkboard is a better choice than the

/W checkboard [102] . By comparison, when a black calibration board

ith white dot patterns is used, the circles’ centers are treated as feature

oints. The phase of the centers can be measured accurately with a B/W

amera, as the white circles can be measured with fringe images of a

avorable signal-to-noise ratio. However, it is noteworthy that a circle

ay be imaged as an ellipse under a perspective projection. Therefore,
13 
he ellipses center may not be the real center of the circle. Compensa-

ion to the position of the extracted center is beneficial to improve the

alibration accuracy [114] . 

.3. Elimination of the lens distortion 

The lens distortion changes the shape of both projected and imaged

ringe patterns, thus decreasing the accuracy of 3D reconstructions. The

ffect of the lens distortion may be trivial if high accuracy 3D measure-

ent is not required. For precise 3D measurements, however, we are

upposed to take it into account. For the linear inverse model, the poly-

omial model, and the governing equation based model, one can reduce

he influence of the lens distortion by increasing the degree of the fit-

ing function [82,93,142] . In contrast, the lens distortion of the camera

nd the projector is often calibrated explicitly in the triangular stereo

odel. Thus, the compensation of the lens distortion is more intuitive

n triangular stereo models [110,112] . 

.4. Effect of the nonlinearity of fringe projection systems 

The nonlinear response (i.e., the gamma distortion) of the fringe pro-

ection system changes the shape of captured sinusoidal fringe images.

t affects the accuracy of both system calibration and 3D reconstruction.

hen a commercial projector is in use, one may test the system’s non-

inearity before system calibration. In our experiments, the influence of

he nonlinearity is very small as the projector and the camera are man-

factured without a preset gamma. For both the phase-height models

nd the triangular stereo model discussed above, the gamma correction

hould be applied if the effect of gamma is not trivial [40–44] . It is

oteworthy that there is a variant of the triangular stereo model that

s robust to the gamma distortion induced by the projector [160] . The

ystem involves two cameras and a projector. The 3D reconstruction is

btained by matching the corresponding points of the two cameras with

he same phase. Therefore, as long as the phase of these two pixels is

he same, regardless of its accuracy, they can still be used for accurate

D reconstruction. 

.5. System calibration out of the lab 

A calibration apparatus or target can provide dimensional informa-

ion of the real world. For the phase-height models, a flat board with a

igh-precision positioner stage or several gauge blocks are required to

rovide prior knowledge of height. For the triangular stereo model, the

alibration target can be a board painted with pre-designed 2D patterns

r a 3D target with feature points distributed in the 3D space. For the cal-

bration out of labs, the triangular stereo model is more favorable since
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Fig. 23. Diagram of a network that includes some measuring units for different 

areas. 
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he calibration target can be deployed arbitrarily in the measurement

olume. To some extent, the usage of the positioner stage increases the

omplexity of the calibration process. To make the phase-height calibra-

ion more flexible, one may perform the phase-height mapping assisted

y a calibrated camera [141,142,144,145] . 

.6. Valid calibration and measurement volumes 

Our experiments show that the 3D reconstruction is more accurate

f the calibration target can cover the whole measurement range in the

ystem calibration. For the compared calibration methods, they have dif-

erent valid/ideal volumes for 3D reconstruction. For the phase-height

odels that use a positioner stage, the valid calibrated volume tends to

e limited within the area swept by the moving plane. In contrast, the

alibration board can be placed freely in the measurement range in the

riangular stereo model. As the measuring volume can be better covered,

he triangular stereo model is more appropriate for inspections of large

bjects. 

.7. Applications for real-time 3D measurements 

Real-time 3D measurement is a hot topic in fringe projection pro-

lometry. Compared with traditional strategies for measuring static

cenes, it can provide 3D videos of dynamic scenes [33,52,56,63,161–

64] . For real-time inspections, the key is to increase the measuring

peed for the 3D reconstruction. For both the phase-height and the trian-

ular stereo models, calibrated parameters can be saved to the comput-

rs disk in advance. Real-time phase computation, phase unwrapping,

nd phase-height/phase-3D reconstructions are then performed by par-

llel processing technologies such as Graphics Processing Unit (GPU),

ook-up tables, and multi-threading techniques [105,137,161] . 

.8. Reduction of the cost 

The accuracy of calibration tools determines that of the system. How-

ver, high-precision calibration tools such as the positioner stage and the

alibration board are expensive, which can even account for more than

0 % of the total cost. To reduce the cost, the phase-height models may

e implemented by a calibrated camera [141,142,144,145] , which can

ave the cost of a positioner stage. For the triangular stereo model, a

udget calibration target can be made by printing calibration patterns

n a piece of paper and then adhering it to a flat surface. In this case, as

he self-made calibration boards precision is not high enough, the pho-

ogrammetry can be used to rectify the position of the feature point on

he calibration board in advance [106,165] . Alternatively, the bundle

djustment algorithm [110,119] may be involved in the system cali-

ration, as it considers the influence of inaccurate feature points in the

stimation of system coefficients. 

. Conclusion 

System calibration is significant to fringe projection profilometry.

n this paper, we have compared several commonly used calibration

ethods in fringe projection. The selected models are the linear phase-

eight model, the linear inverse phase-height model, the polynomial

hase-height model, the governing equation based phase-height model,

nd the triangular stereo model. We have implemented both quantita-

ive and qualitative experiments. In the quantitative evaluation, a planar

bject has been tested at several known heights. The experimental re-

ults show that the measurement error of the linear phase-height model

elies on the height of the measured object. It is hard for this method to

btain high-accuracy 3D reconstructions. When the measurement vol-

me has been calibrated completely, the linear inverse model and the

olynomial model performed better than other methods. When the mea-

urement volume is not calibrated fully or the test object is so large that
14 
t is out of the calibrated range, the triangular stereo model shows the

est performance among the selected models. 

We have also investigated the effect of phase accuracy on the system

alibration by calculating the phase with different phase-shifting algo-

ithms. For all of the compared calibrated models, experimental results

how that the larger the number of the phase shifts the higher the recon-

truction accuracy. For the triangular stereo model, the performance of

he 3-step phase-shifting algorithm and the 4-step phase-shifting algo-

ithm is similar. Its accuracy can be improved obviously when the num-

er of phase shifts increases to 6 and 12. In the qualitative experiment,

 complex plaster model has been tested. Compared with the reference

D model obtained with a high-accuracy industrial 3D scanner, 3D re-

onstructions of the linear inverse model, the governing equation based

odel, and the nonlinear triangular stereo model have demonstrated

igher quality than those of the rest models. To better understand these

alibration methods, we have further discussed them from eight aspects.

e hope that the comparative review would be useful to choose an ap-

ropriate calibration algorithm for various applications. 

Several issues are beyond the scope of this work but are still note-

orthy in practical applications: 

(1) 3D measurement network for large objects . Fringe projection

s developed for 3D surface measurements. Therefore, only illuminated

reas can be reconstructed. For large objects, stitching algorithms, like

he iterative closest point (ICP), are often used to merge entire 3D point

louds from some 3D segments. However, errors tend to accumulate

n the merging process, which can cause a severe mismatch between

he first and the last point clouds. To cope with this issue, one may

uild a measuring network consisting of several independent 3D units

s shown in Fig. 23 . As each unit is responsible for a particular area,

he complete 3D result can be obtained by fusing separate 3D pieces

ogether. The calibration of such a network is more complex than that

f a single unit, since all of the units should be considered into a global

ystem. The calibration targets with 3D feature points are recommended

or calibrating such networks, as it is easy for the units at a different

osition to find appropriate feature points [166,167] . 

(2) Fast calibration for in-situ applications . For industrial and in-

itu applications, the environment is full of disturbing factors. For ex-

mple, the vibration of measuring systems during the transportation can

ause changes to the extrinsic parameters of the system but keep the in-

rinsic matrix almost unchanged. Therefore, a fast calibration would be

seful to improve the efficiency of in-situ 3D measurements. Schreiber

t al. reported a self-calibration method to calibrate the system during

ach measurement, which can remove the effect of vibrations [119] .

hao et al. introduced a fast re-calibration method for extrinsic param-

ters correction when the relative position is changed [168] . 
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Fig. 24. Illustration of 3D reconstruction using 

a neural network. 
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(3) System calibration with deep learning . Nowadays deep learn-

ng techniques are widely applied to computer vision [169–171] and

omputational optical imaging [172–175] . In the fringe projection, re-

earchers have demonstrated that the performance of phase measure-

ent [51] , phase unwrapping [64,65] , and fringe pattern denoising

176] can be improved with the assistance of deep learning techniques.

eep learning is a subset of the machine learning, which has been

roved to be useful to the calibration of fringe projection systems years

go [177–179] . An illustration is shown in Fig. 24 . With the inputs of

he camera coordinates and one of the projector coordinates, the 3D

oordinate can be computed by a trained neural network. The advan-

age is that the lens distortion can be handled implicitly by the neural

etwork. However, it is inconvenient for users to obtain training data,

s one has to move a calibration board step by step with a precise po-

itioner stage. The performance of the neural network would be fur-

her improved with recent developments of the deep neural network.

ecently, the correction of the lens distortion of projector using deep

earning has been reported [180] . We believe advanced deep learning

echniques will demonstrate promising potentials to the system calibra-

ion in the future. 
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