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ARTICLE INFO ABSTRACT
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Fringe projection profilometry is a well-established technique for optical 3D shape measurement. However, in
many applications, it is desirable to make 3D measurements at very high speed, especially with fast moving
or shape changing objects. In this work, we demonstrate a new 3D dynamic imaging technique, Micro Fourier
Transform Profilometry (uFTP), which can realize an acquisition rate up to 10,000 3D frame per second (fps). The
high measurement speed is achieved by the number of patterns reduction as well as high-speed fringe projection
hardware. In order to capture 3D information in such a short period of time, we focus on the improvement of
the phase recovery, phase unwrapping, and error compensation algorithms, allowing to reconstruct an accurate,
unambiguous, and distortion-free 3D point cloud with every two projected patterns. We also develop a high-
frame-rate fringe projection hardware by pairing a high-speed camera and a DLP projector, enabling binary
pattern switching and precisely synchronized image capture at a frame rate up to 20,000 fps. Based on this
system, we demonstrate high-quality textured 3D imaging of 4 transient scenes: vibrating cantilevers, rotating
fan blades, flying bullet, and bursting balloon, which were previously difficult or even unable to be captured with

conventional approaches.

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction

The desire to capture and record fast phenomena can be traced
back to invention of film photography in the nineteenth century, which
used controllable mechanical light shutters to limit the film exposure
time [1-3]. However, it is only with the advances made during the
last few decades in the field of solid-state electronic imaging sensors
based on the charge-coupled device (CCD) or complementary metal-
oxide-semiconductor (CMOS) technology that high-speed imaging has
gained substantial interests and applications [4,5]. Investigation into
the scientific origins of fast phenomena has benefited enormously from
the development of such high-speed cameras [6,7], and other applica-
tions exist in almost all areas of industry, television, defense, sports,
and health care. More recently, ultra-high-speed imaging at picosecond
(107'2 5) timescales has been demonstrated by either using ultra-short
pulse illumination to provide temporal resolution [8,9], or combining
streak imaging technology with scanning [10] or temporal pixel coding
strategy [11] to achieve two-dimensional (2D) information, enabling a
frame rate fast enough to visualize photons in motion.

* Corresponding author.

Despite these tremendous advances, most of the current high-speed
imaging sensors can only record instantaneous phenomena as 2D im-
age sequences that lack the depth information. Nevertheless, high-speed
three-dimensional (3D) reconstruction of transient scenes has been long
sought in a host of fields that include biomechanics [12], industrial in-
spection [13], solid mechanics [14], and vehicle impact testing [15]. In
these areas, it is always desirable that the 3D information can be ac-
quired at a high frame rate so that transient geometric changes of an
object or an environment can be captured. These can then be reviewed
in slow motion to provide in-depth insights into fast changing events in
a broad range of application scenarios.

Over the past decades, 3D image acquisition technologies have also
rapidly evolved, benefiting from the advances in electronic imaging sen-
sors, optical engineering, and computer vision. For a small scale depth or
shape, micrometer or even nanometer measurements can be reached by
using interferometry [16], confocal [17] or other depth-resolved 3D mi-
croscopic techniques [18,19]. Time-of-flight methods [20,21], in which
the distance is resolved by measuring the time of flight of a light pulse
with the known speed of light, are well suited for measuring large-scale
scenes or depth (> 0.5m). For the 3D measurement of medium-size
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objects, full field triangulation based active structured light (SL), has
proven to be one of the most promising techniques [22-24]. Just as hu-
man vision system, the basic principle of SL is optical triangulation,
in which correspondences between a projector and a camera are es-
tablished with some coded patterns projected onto the scene. Recent
years, numerous SL approaches have been proposed and investigated,
and there is a clear trend towards improving the measurement speed
to video rates (~ 25 Hz) and far beyond [25-27]. This trend is being
driven by the increasing demand for high-speed depth data coupled with
rapid advances in high-frame-rate image sensors and digital projection
technology. Today’s high-speed cameras can capture video at speeds up
to tens of thousands full frames per second (fps) and even faster at a
reduced resolution. On the other hand, the digital micro-mirror device
(DMD), as a key component of digital light processing (DLP) projection
system, is able to create, store, and display high-speed binary pattern
sequences through optical switching (“on” and “off”) at rates in excess
of 10,000 Hz as well. By operating the DMD in binary (1-bit) mode,
quasi-sinusoidal fringe patterns can be created at the maximum frame
rates with lens defocusing and binary dithering techniques [28-30].

Once the speed of hardware is no longer a limiting factor, the main
hurdle to overcome in high-speed 3D sensing is to reduce the number of
patterns required for reliable 3D reconstruction. Single-shot approaches
[31,32], e.g., de Bruijin sequences [32,33], M-arrays [34], and sym-
bol coded patterns [35], are well-suited for dynamic 3D sensing. Gener-
ally, the pattern needs to be wisely designed so that each point can be
uniquely identified from its neighboring pixels. Nevertheless, the spatial
resolution and depth accuracy of single-shot approaches are limited due
to the local depth smoothness assumption, which does not hold around
the regions with depth discontinuities and fine details. Fourier transform
profilometry (FTP) [25,36-38] is another representative single-shot ap-
proach in which the phase is extracted from a single high-frequency
fringe image by applying a properly designed band-pass filter in the
frequency domain. Compared with other single-shot methods, FTP has
the advantages of pixel-wise measurement and effective noise removal,
yet with the precondition that the fundamental frequency component,
which carries the phase information of the object, is separable from
zero-order background. In practice, this precondition can be easily vio-
lated when the measured surface contains sharp edges, discontinuities,
and/or large surface reflectivity variations [37,39-42]. Several methods
have been proposed to alleviate this problem by carefully designing the
band-pass filter [40,43], or capturing an additional flat [41] or z-phase
shifted fringe pattern [39]. However, for objects with complex surface
properties, the measurement accuracy of these FTP approaches is still
quite limited due to the inherent spectrum leakage.

To achieve high-quality dense 3D reconstructions, the multi-frame
methods [44-46] are usually preferred for their advantages of high ac-
curacy and low complexity. In general, multi-frame methods require
several predetermined patterns to be projected onto the measured ob-
ject. Hence, their measurement speed is limited by the number of pat-
terns per sequence and both camera and projector frame rate. The most
widely used multi-frame approach is phase shifting profilometry (PSP)
[47], which requires a minimum of three fringe images to provide high-
accuracy pixel-wise phase measurement. Furthermore, the measurement
is quite robust to ambient illumination and varying surface properties.
However, when measuring dynamic scenes, motion will lead to phase
distortion artifacts, especially when the object motion during the inter-
frame time gap is non-negligible [42,46,48-50]. This is an intrinsic prob-
lem of PSP, since the phase information is spread over multiple fringe
images. Another challenging problem in both PSP and FTP is the phase
ambiguity resulting from the periodical nature of the sinusoidal signal.
Though high-frequency patterns with dense fringes are usually preferred
for high-accuracy 3D reconstruction (especially for FTP), they also in-
troduce severe ambiguities. To recover the absolute phase, a common
practice is to use temporal phase unwrapping (TPU) algorithms with
the help of Gray-code patterns [51] or multi-wavelength fringes [52].
However, this requires a large number of additional images, which are
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only used for phase disambiguation purpose but not contribute to the
final 3D results. The prolonged pattern sequence (e.g., a minimum of
9 patterns are required per 3D reconstruction for three-wavelength PSP
[53]) greatly limits the performance of PSP and FTP in high-speed, time-
critical scenarios.

To address this limitation, several composite phase shifting schemes
[54-59] (e.g., dual-frequency PSP [54], bi-frequency PSP [59], 2+ 2 PSP
[55], and period coded PSP [56,57]) have been proposed. They can solve
the phase ambiguity problem without significantly increasing the num-
ber of projected patterns. However, in order to guarantee a reasonable
reliability of phase unwrapping, the fringe frequency often cannot be too
high, which provides only a comparatively low accuracy [60]. Alterna-
tively, stereo unwrapping methods based on geometric constraint can be
used to determine the fringe order without capturing additional images
[46,58,61-63]. But the measured objects must be within a restricted
depth of the measurement volume. Moreover, some of these techniques
require multiple (> 2) high-speed cameras, which could considerably in-
crease the overall cost of the system. On a different note, high-speed 3D
sensing can also be realized via active stereo-photogrammetry without
explicit evaluation of phase information [64-68]. In such approaches,
the projected patterns are merely used to establish precise camera-to-
camera correspondences based on correlation algorithms, so various
types of structured patterns (e.g., statistical speckle [64] and aperiodic
sinusoid [69]) can be applied. This idea allows to develop alternative
projection units without the need of a DMD, yielding simpler optical de-
signs and/or much higher projection rates. For example, the LED-based
array projection system and the GOBO (GOes Before Optics) projection
system enable high-speed pattern switching with frame rates up to tens
of kHz [66,67], which is much higher than the maximum speed of com-
mercial DLP projectors (typically 180-360 Hz after disassembling the
color wheel [45,55,70]). However, these techniques still require at least
two high-speed cameras. Moreover, as stated by Grosse et.al. [71], more
than 9 images are typically required to establish dense, accurate, and
outlier-free correspondences. Thus, the final 3D frame rate achievable
is still much lower (almost an order of magnitude) than the native frame
rate of the camera and projector, which is typically in the range of only
several hundreds Hz (e.g., 330 Hz at a projection frame rate of 3 kHz by
using array projection [66] and 1,333 Hz at a camera rate of 12,000 Hz
by using GOBO projection [67]).

In this work, we present Micro Fourier Transform Profilometry
(uFTP), which enables highly-accurate dense 3D shape reconstruction
at 10,000 Hz, without posing restrictions on surface texture, scene com-
plexity, and object motion. In contrast to conventional FTP which uses a
single high-frequency sinusoidal pattern with a fixed spatial frequency,
uFTP introduces very small temporal variations in the frequency of mul-
tiple spatial sinusoids to eliminate phase ambiguity. So in uFTP, the
word Micro just refers to the small values for both the frequency vari-
ations and periods of fringe patterns. This is similar to that of Micro
Phase Shifting [72], in which band-limited high-frequency phase-shifted
fringes are used to reduce measurement errors due to global illumina-
tion. The key idea of uFTP is to freeze the high-speed motion by encod-
ing the phase information within a single high-frequency sinusoidal pat-
tern. And the phase ambiguities are resolved spatio-temporally with the
extra information from the small frequency variations along the tem-
poral dimension. Besides, high-quality 2D texture can be acquired by
inserting additional white patterns (all mirrors of the DMD are in the
“on” state) between each high-frequency sinusoidal patterns, which also
remove spectrum overlapping and enable high-accuracy phase measure-
ments even in the presence of large surface reflectivity variations. Unlike
previous approaches in which the phase retrieval and disambiguation
were separately addressed in a pixel-wise and time-dependent fashion,
the uFTP extends phase unwrapping into the space-time domain. The
main contributions of this paper are two-fold:

(1) We propose and analyze a complete computational framework
(based on a combination of improved phase recovery, phase unwrap-
ping, error compensation, and system calibration algorithms) that al-
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lows to effectively recover an accurate, unambiguous, and distortion-
free 3D point cloud with every two projected patterns (Section Principle
of uFTP). Each projected pattern serves the dual purpose of phase disam-
biguation and 3D reconstruction, which allows to minimize the number
of fringe patterns for absolute depth recovery. The comprehensive the-
ory, implementation, and demonstration of each algorithm involved in
the uFTP framework are provided in details in Appendices A-D.

(2) We develop a high-frame-rate DLP fringe projection system by
pairing a high-speed CMOS camera and a high-speed projection system
based on a DLP development kit (Section Experimental setup). By ap-
plying the yFTP framework to our hardware system, we can achieve a
3D image acquisition rate of up to 10,000 fps, with a depth accuracy
better than 80 um and a temporal uncertainties below 75 um within a
measurement volume of 400 mm X 275mm x 400 mm (Section Quan-
titative analysis of 3D reconstruction accuracy). In Section Results,
we demonstrate for the first time high-quality textured 3D imaging of
vibrating cantilevers, rotating fan blades, flying bullet, and bursting bal-
loon, which were previously difficult or even unable to be captured with
conventional approaches.

2. Materials and methods
2.1. Experimental setup

The high-frame-rate fringe projection system consists of a high-speed
CMOS camera (Vision Research Phantom V611) and a high-speed pro-
jection system. The high-speed projection system includes a DLP devel-
opment kit (Texas Instruments DLP Discovery 4100) with an XGA res-
olution (1024 x 768) DMD, and a custom-designed optics module. By
omitting any grayscale capabilities, we drive the DMD at a refresh rate
up to 20,000 binary fps. The light source is a green LED module with
an output of 6001m. The high-speed camera used in this system has a
frame rate of 6246 fps for maximum image resolution (1280 x 800). A
24 mm (focal length) lens (Nikon AF-S) with a variable aperture from
f/3.5 to f/5.6 is attached to the camera. The camera lens aperture is fully
opened to allow the maximum amount of light to enter. In this work,
the camera is operated at a reduced image resolution (640 x 440) to
match the frame rate of the DMD (20,000 fps) with an exposure time of
46 ps. It is also precisely synchronized with the projection system with
the help of the DLP development hardware, which will be described in
details in the next subsection.

2.2. Phase unwrapping using geometry constraint

To realize high-frame-rate 3D shape reconstruction, the key techni-
cal issue regarding the hardware system is the precisely synchronized
high-speed pattern projection and capture. Over the years, a number of
fringe projection systems have been developed by re-engineering off-
the-shelf DLP projectors for high-speed applications [44,45,55,70]. The
common idea is to remove the color wheel of the DLP projector to make
it work in the monochrome mode so that the projection rate can be
tripled theoretically. For conventional 3-step PSP, one can simply make
the projector display one static color image with three phase-shifted pat-
terns encoded in its RGB channels respectively [44,45]. Once the pro-
jector receives the video signal, it will automatically decode the input
color image and project the three phase-shifted patterns in each color
channel sequentially. The situation becomes more complicated when the
pattern sequence contains more than 3 images because the input color
image needs to be switched sequentially and periodically at high speed.
In order to handle the pattern switching, addition hardware, like Field-
Programmable Gate Array (FPGA) circuits can be used to generate the
desired video sequence with high precision and stability. Another pos-
sible solution is to directly access the memory of the graphical device
based on CUDA programming [70]. Nevertheless, the maximum projec-
tion rate can be achieved is still around 180-360 Hz, which is ultimately
limited by the projection mechanism of the DLP projector (the gray-scale

72

Optics and Lasers in Engineering 102 (2018) 70-91

14
(@) ®) N ——
10 Crossover Trajectory
3
o _ Mirror
verton |1, 28 . stabilzed™
usB 20 - W K <2,
wPC o cs8- rowta
e T4 o
& -
8
BB ns 0 :2 Stay Trajectory
driver board % e
Tus oy

Fig. 1. (a) Schematic diagram of the high-frame-rate fringe projection system developed.
(b) Mirror trajectory for the DMD after “reset” operation [73].

pattern is generated with the binary pulse width modulation along the
time-axis, and the intensity level is reproduced by integrating smaller
binary intensities over time by an image sensor, like eye or camera) and
the use of standard (typically 60 Hz-120 Hz) graphic adapters for DMD
control. Such bottlenecks in speed block a regular consumer DLP pro-
jector from many important applications where very fast motion needs
to be acquired.

To overcome these current limitations, in this work, we use a DLP
Discovery 4100 development kit from Texas Instruments as the basis of
our projection system. As shown in the hardware diagram [Fig. 1(a)],
the DLP kit includes a DMD chip and a DMD driver board. The DMD
is based on the 0.7 XGA (1024 x 768) chipset with a mirror pitch
of 13.6 um (DLP7000, Texas Instruments). The driver board has a pro-
grammable FPGA (Xilinx Virtex 5 LX50) and a USB 2.0 interface (Cy-
press CY7C68013A) for receiving input patterns from the computer. The
on-board DDR2 SDRAM memory is used to store the pattern sequences
that are pre-loaded for subsequent high-speed projection. The FPGA con-
nects with the DMD controller chip (DDC4100, Texas Instruments) by
parallel interface and transfers pattern data to it directly. At the same
time, DDC4100 provides a high-speed 2xLVDS data interface and con-
trols the DMD mirrors to turn for generating a pattern according to the
pattern data. Based on these specific hardware, DLP Discovery 4100
offers advanced micro-mirror control as well as flexible formatting and
sequencing light patterns. It enables the DMD to operate in binary mode
without any temporal dithering, allowing binary light patterns to be pro-
jected with speed far surpassing that of a regular DLP projector. How-
ever, there remain a few constraints underlying the basic operation of a
DMD.

(1) There hardware requires a certain amount of time to transition
from one micro-mirror configuration to another - a limitation that is
imposed due to data transmission to the DMD. The data transmission
bus between FPGA and DMD operates at 64 bits and at 400 MHz. Hence,
for our DMD with 1024 x 768 micro-mirrors, it takes at least 30.72 u's
(z1p) to load a full frame binary image

1024768
™ 64 % 400 x 10°

(2) When the data is loaded in memory, “reset” operation can be
performed, which tilts the mirrors into their new “on” or “off” states.
It requires some time to physically tilt the mirrors and some time for
mirrors to settle down. As illustrated in Fig. 1(b), there are about 4 ps
transition time (zr) and 8 ps settling time (zg;) during the mirror state
conversion process [73]. Besides, during the reset and mirror settling
time, no data can be loaded in the DMD, thus slowing down the pattern
output rate.

When both two factors are considered, the total time required to
output one pattern on the mirrors is given in Eq. (2):

=30.72 ps (1

T=1;p+ T + 75y = 3072 +4+8 =42.72 us 2)

so the highest possible rate for binary pattern output is 1/42.72 ps =
23408 fps. For the sake of simplicity and security, we update all micro-
mirrors with a switching period of 50 ps, based on the timing shown in
Fig. 2. With this timing configuration, we are able to project the binary
patterns at 20,000 Hz. However, the synchronization between the DMD
operation and the high-speed camera needs to be carefully designed in
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Fig. 3. Captured images with different exposure and trigger settings. (a) Two comple-
mentary patterns which are repeatedly projected by the DLP system at 20,000 Hz. (b)
Timing diagrams of different exposure and trigger settings used under the test. (c) Corre-
sponding images captured by the high-speed camera. Crosstalk can be obviously seen at
49.5 ps exposure but disappears when the exposure reduces to 46 ps. Further reducing the
exposure offers no visible improvement but leads to light intensity attenuation.

order to maximize the exposure time while avoiding potential cross-talk
due to the mirror transition. Thus, we program the trigger output from
the DMD to the camera according to the waveform shown in the second
row of Fig. 2 and set the exposure time of the camera at 46 us to skip
the mirror transition stage. Further reducing the exposure time does not
provide visible improvement but leads to light intensity attenuation, as
clearly illustrated in Fig. 3. This is due to the fact that the intensity fluc-
tuation during the 8 ps mirror settling time can be effectively averaged
out during camera exposure. It should also be noted that the trigger
signal output from the DLP board is 2.5 V logic level only while the trig-
ger level required for the camera is 5V. To fix this problem, we build
a voltage translation circuit (SN74ALVC164245, Texas Instruments) to
take the output trigger of the DMD at 2.5V, condition it, and level con-
vert to the required 5V for the camera. In Supplementary Video 1, it
is further demonstrated that the designed pattern sequences (see Sec-
tion Principle of yFTP for details) can be repeatedly projected onto a
dynamic scene (a rotating desk fan) and precisely captured by a synchro-
nized high-speed camera at 20,000 Hz, indicating the synchronization
between the DMD and the camera works well.

2.3. Projection optics

Since the DLP development kit does not include optics, a custom-
designed module is attached to the DMD to provide both illumination
and projection optics. The projection optics module has two ports, one
connecting the DMD and the other connecting the light source. The light
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source we use is a green LED with an output of 600 Im (Osram). When
the light emitting from the LED enters the projection optics module, it is
firstly spatially smoothed by an integration rod to create homogeneous
illumination, and then directed onto the DMD by relay optics. The pro-
jection lens has a working distance of 800-2,000 mm and an aperture of
f/3.8. All lens components are coated for optimal transmission between
381 and 650 nm. Besides, a copper heat sink, piping, and a fan are added
to improve heat dissipation of the whole projection system.

2.4. Principle of uFTP

The whole framework of 4FTP is illustrated in Fig. 4, which operates
in two stages: acquisition and reconstruction. In the image acquisition
stage, uFTP uses few (n>2, e.g., n =3 as illustrated in Fig. 1) high-
frequency sinusoidal fringe patterns with slightly different wavelengths
(fringe pitches){4; 4, ... 4,}. Between two sinusoids, a “white” pattern
with all mirrors of the DMD in the “on” state is inserted in the pattern
sequence. Thus, there are totally 2n patterns that will be rapidly pro-
jected onto the measured object surface sequentially at 20,000 fps. To
create quasi-sinusoidal gray-scale fringe patterns with the DMD operat-
ing in the binary mode, the ideal sinusoids are binarized with Floyd-
Steinberg’s error diffusion dithering algorithm [74], and the gray-scale
intensity is then reproduced by properly defocusing the projector lens
[28,29]. For uFTP, the fringe wavelength set {4y, Ag, ..., An} must meet
the following two conditions (see Appendix B for details):

(1) 4; should be sufficiently small (frequency is high) as required for
successful phase retrieval in conventional FTP based techniques.

(2) The least common multiple (LCM) of the fringe wavelength set
should be greater than the total pixel number in the axis wherein the
sinusoidal intensity value varies (LCM (4;, A, -, 4,) = W) so that
the phase ambiguities can be theoretically excluded.

For our DMD projector with a resolution of 1024 x 768, we find
that three wavelengths {4, 15, 43} = {14, 16, 18} pixels are sufficient
to make a good tradeoff between the fringe contrast and unambiguous
phase range (discussion about the wavelength selection is provided in
Appendix B4), and they are used throughout the present work.

In the reconstruction stage, the captured pattern images are pro-
cessed sequentially, with a 2n-frame sliding window moving across the
whole video sequence. Considering 2n frames within a window cen-
tered on the current frame (I, in Fig. 4) at a given time point (), we
have n sinusoid images {I; I, ... I,} and corresponding n white images
{I3g, Izp, -, Ig}, as illustrated in Fig. 4. The 3D shape of the measured
object at t, is reconstructed from these images based on the 4 steps as
follows:

(1) Background-normalized Fourier transform profilometry
(BNFTP): BNFTP is an improved version of existing FTP-based ap-
proaches [36,38,41] which is specially designed for high-speed 3D mea-
surement with binary patterns. It uses a sinusoidal fringe image and an
additional “white” image with all “1”s in the projection pattern to re-
cover a high-quality wrapped phase map. The basic theory and imple-
mentation of BNFTP is given in Appendix A in details. Based on the idea
of the modified FTP approach [41], the “white” image is firstly used to
eliminate the background of the fringe image. Then, an additional nor-
malization step is applied to the background-subtracted fringe image,
further alienating the influence of surface reflectivity variations. This
simple modification allows BNFTP to provide improved performance
when measuring textured surfaces. Considering n sinusoidial images
{I, I, ..., I,} and corresponding n white images {I;g Izp ... I;z} within
a 2n-frame sliding window (Fig. 4), we can recover n wrapped phase
maps {¢;, ¢,. . ¢,} based on BNFTP.

(2) Temporal phase unwrapping based on projection distance
minimization (PDM): The phase maps obtained by Step (1) are
wrapped to principle values of the arctangent function, and conse-
quently, phase unwrapping is required to remove the phase ambigui-
ties and correctly extract the object depth. For uFTP, the phase of the
current time point (ty) is firstly unwrapped temporally by exploiting
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Fig. 4. Overview of yFTP framework (frequency number n = 3). 3 high-frequency binarized spatial sinusoids with slightly different wavelengths {4,, 45, 43} and 3 white patterns are
sequentially projected onto a scene. The camera captures the corresponding synchronized 2D video at 20,000 fps. To reconstruct 3D depth of the scene at a given time t,, a 6-frame
sliding window centered on the current frame at t; (indicated by the red box) is applied to extracting 3 sinusoid fringe images {I;, I,, I;} and corresponding 3 flat images {I,3, I3,
I3z} with a frame interval of 50 ps. Three wrapped phase maps with different wavelengths can be recovered by background-normalized FTP (BNFTP) algorithm, and further unwrapped
by projection distance minimization temporal phase unwrapping (PDM TPU) algorithm. The phase corresponding to current time point t, (®,) is selected through multiplexer (MUX)
and further refined with a reliability-guided compensation (RGC) algorithm in spatial domain. Finally, the refined phase is used to establish the projector-camera correspondences and

reconstruct 3D point cloud through triangulation.

information from neighboring frames (as shown in Fig. 4, the current
phase ¢, is unwrapped with previous and next wrapped phases ¢; and
¢3), based on a newly developed TPU algorithm called PDM (detailed
in Appendix B). The basic idea of PDM is to determine the optimum
fringe order combination {k; k; ... k,} (for each wrapped phase maps
{#1. 2. . ¢,}) so that the corresponding unwrapped phase value
combination {®;, ®,, -, ®,} is “closest” (in the Euclidean sense) to
the following straight line in dimension n

QA =Dydy = ... = Dy 3

In Appendix B2, we also prove that the phase unwrapping results ob-
tained by PDM algorithm is optimal in a maximum likelihood sense. It pro-
vides a larger unwrapping range as well as better noise robustness than
classic multi-wavelength TPU approaches (e.g. heterodyne approach, as
demonstrated in Appendices B3 and B4). Furthermore, the minimum
projection distance in PDM also provides an inherent metric to quantita-
tively evaluate the unwrapping reliability for each pixel, which is used
in the following reliability guided compensation algorithm [Step (3)].
It should be also noted that, if the approximate depth range of the mea-
sured scene can be estimated, geometric constraint [58,61-63] can be
applied to restricting the search range for possible fringe orders and rul-
ing out several false candidates beforehand (detailed in Appendix D2).
After this step, a group of unwrapped phase maps {(Dl, D,, -, (1>,,}
can be obtained, and only the phase map corresponding the current time
point ty (®, shown in Fig. 4) will be further processed by the following
steps.

(3) Reliability guided compensation (RGC) of fringe order er-
ror: Although the initial unwrapped phase map obtained by Step (2)
(@, shown in Fig. 4) encodes depth information of the measured scene
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at t, with a temporal resolution of 100 ps (remember that in Step (1) the
principal value of @, is recovered only from 2 patterns), fringe order er-
rors are inevitable especially around dark regions (lower fringe quality)
and object edges (higher motion sensitivity). We propose an approach
called RGC for identifying and compensating those fringe order errors
by exploiting additional information in the spatial domain (detailed in
Appendix C). Our key observation is that the fringe order errors are
usually isolated (at least less concentrated than the correct phase val-
ues) delta-spike artifacts with a phase error of integral multiples of 2.
Inspired by quality guided (spatial) phase unwrapping approaches [75-
77], we first gather neighboring pixels within a continuous region of
the phase map into groups. Then the isolated pixels or pixels falling
into small groups are considered as fringe order errors, and their phase
values will be corrected sequentially according to an order ranked by a
predefined reliability function (we adopt the minimum projection dis-
tance in PDM algorithm as the reliability function, and larger distance
means lower reliability). After RGC compensation, we can obtain the
refined absolute phase map that is free from fringe order errors (®,.
shown in Fig. 4)

(4) Mapping from phase to 3D coordinates: The final step of
uFTP reconstruction is to establish the projector-camera pixel correspon-
dences based on the refined absolute phase map (®,. shown in Fig. 4)
and to reconstruct the 3D coordinates of the object surfaces at time ¢,
based on the calibration parameters of the projector and the camera.
In this process, the effect of projection-imaging distortion of lenses is
explicitly considered and effectively corrected by an iterative scheme
based on lookup table (LUT) implementation (described in Appendix
D). For more details about the implementation of uFTP, one can refer
to the MATLAB source code available on our website [78].
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Fig. 5. 3D reconstruction accuracy of yFTP measurement. (a) Test scene consisting of two standard ceramic spheres and a free-falling table tennis ball at T = 0 ms. (b) Corresponding
color-coded 3D reconstruction. (¢) The error distribution of the measured standard spheres at T = 0 ms. (d) The deviation map (the difference between the measured points and the
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With the uFTP framework, an accurate, unambiguous, and
distortion-free 3D point cloud can be recovered with every two pro-
jected patterns. Furthermore, since the phase information is mainly en-
coded within a single high-frequency sinusoidal pattern, uFTP can be
considered “single-shot” in essence, allowing for motion-artifact-free 3D
reconstruction with fine temporal resolution (2 patterns per 3D recon-
struction, corresponding to 10,000 3D fps). It is also worth mentioning
that since uFTP is based on sliding-window reconstruction, any newly
added image can be combined with its preceding 2»n — 1 images to pro-
duce a new 3D result. Although in this case the consecutive two 3D
reconstructions may use the same high-frequency fringes for phase eval-
uation, one can achieve a pseudo frame rate of 20,000 3D fps, which is
same as the projector and camera speed.

3. Results
3.1. Quantitative analysis of 3D reconstruction accuracy

To quantitatively determine the accuracy of yFTP measurement, we
conduct an experiment on a test scene consisting of two standard ce-
ramic spheres and a free-falling table tennis ball, as shown in Fig. 5(a).
The measured objects are put in the measurement volume, which is
approximately 400 mm x 275mm X 400 mm, established by using a
calibration panel (see Appendix D3 for details). According to the cali-
bration based on a coordinate measurement machine (CMM), the radii
of the two standard spheres are 25.3980 mm and 25.4029 mm, respec-
tively, and their center-to-center distance is 100.0688 mm. These two
spheres with accurate calibrated dimensions are used to quantify the
measurement accuracy and repeatability of uFTP system. The table ten-
nis ball is used to test the performance of the system for measuring
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moving object, whose radius is about 19.8 + 0.1 mm (dimension un-
calibrated, radius is simply measured by a vernier caliper). Fig. 5(b)
shows the color-coded 3D reconstruction by yFTP at T = 0 ms and
Fig. 5(c) shows the corresponding error distribution of the two measured
standard spheres. The accuracy is distinguished by fitting the standard
sphere to the point cloud representing the spherical surface and calcu-
lating the difference between the measured points and the fitted sphere.
As shown in Fig. 5(c), the root mean square (RMS) errors correspond-
ing to the two standard spheres are 75.730 um and 68.921 pum, respec-
tively. The measured center-to-center distance between the two spheres
is 100.1296 mm. In Fig. 5(d), we further show the deviation maps of
the free-falling table tennis ball at three different time points (T = 0 ms,
20.4 ms, 40.8 ms). Note that since the dimension of the table tennis
ball is uncalibrated, we determine the best spherical fit on the 3D point
cloud to estimate the spherical diameter, and the deviation maps shown
in Fig. 5(d) are the difference between the measured points and the fitted
spheres. These results indicate that the measurement accuracy of uFTP
is better than 80 um for both static and dynamic objects. Repeatability
of the yFTP measurement is also analyzed by performing 820 measure-
ments over a 41 ms period (at a pseudo frame rate of 20,000 fps) for
3 different points on respective standard sphere [A; ~ Az and B; ~
Bs, as labelled in Fig. 5(c)], the center-to-center distance between the
two standard spheres, and the radius of the free-falling table tennis ball,
as shown in Fig. 5(e)—(g), respectively. The temporal movie of color-
coded 3D reconstruction of the test scene and the corresponding error
analysis over the 41 ms period is further provided in Supplementary
Video 2. One can clearly observe the excellent repeatability of uFTP
system: the center-to-center distance measurement exhibited a very low
temporal standard deviation (STD) of 22.433 um; the temporal STD at
one given point on the standard sphere is typically around 60 pm; the
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radius of the free-falling table tennis ball has a slightly higher temporal
STD (72.815 pm) due to the object motion. These results show that the
presented system achieves a measurement accuracy better than 80 um
and a temporal STD below 75 pm within 400 mm X 275mm x 400 mm
measurement volume size.

3.2. Vibrating cantilevers

In this subsection, vibrating cantilever beams are used to validate
uFTP fast 3D imaging capability and compare its performance with the
state-of-the-arts. Firstly, two fixed-end homogeneous plastic cantilever
beams are imaged. The dimensions of the two cantilever beams are
215mm X 110mm x 1.5mm [for the larger one shown on the left of
Fig. 6(a)] and 215mm x 80mm X 1.5mm [for the smaller one shown
on the right of Fig. 6(a)]. One end of each cantilever is clamped on the
optical table while the other end is excited by human hand. Fig. 6(a) and
(b) show representative camera images (white pattern) and correspond-
ing color-coded 3D reconstructions by yFTP at different time points. Ini-
tially, the two cantilevers are heavily bent with manual pressure, with
their ends aligned at about the same depth. When hands release, the
stored elastic potential energy converts to kinetic energy to enable vi-
brations. To study the vibrating process quantitatively, the out-of-plane
(z) displacement of 3 points on each cantilever [A; ~ A; and B; ~ B,
as labelled in Fig. 6(b)] are plotted as a function of time in Fig. 6(c).
The plots show that the largest vibration amplitudes occur at points A
and B, since they are closer to the free ends of the cantilevers. Their vi-
bration amplitudes gradually reduced from about 50 mm to 10 mm (for
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point A; and B;) with a frequency of ~ 8 Hz. Besides, there is about
20 ms time difference between the two hand releases, making the vi-
brations of the two cantilever out-of-phase. In Fig. 6(d), we show the
reconstructed 3D shapes of the two cantilevers at three different time
points, with the two insets showing the side-views (y-z plane) of the re-
spective cantilever. The movie of color-coded 3D rendering of the two
cantilevers surfaces as well as the corresponding side-views is provided
in Supplementary Video 3. These results verify that the proposed yFTP
enables high-speed 3D reconstruction of object vibration and provides
high-accuracy quantitative evaluation of any characteristic points on the
object surface.

Next, we compare our yFTP with the well-known three-wavelength
phase shifting profilometry (PSP) [47,53] by using only the larger can-
tilever beam. One end of the cantilever is vertically fixed on the optical
table, and the free end is heavily excited to create large amplitude vi-
bration. In order to achieve a fair comparison, we project the required
15 patterns for both yuFTP (6 patterns) and three-wavelength PSP (9
patterns) sequentially onto the same scene, according to the pattern
sequence illustrated in Fig. 7(a). Both algorithms use the same fringe
wavelengths {4;, 45, 43} = {14, 16, 18} pixels, and the retrieved phases
are processed with the same algorithms (PDM unwrapping and RGC),
respectively. The final 3D point clouds are both reconstructed from the
respective unwrapped phases corresponding to 4,. Since the two groups
of patterns are sequentially projected onto the moving surface, there ex-
ists a 400 ps time difference between the two 3D reconstructions from
these two methods. Fig. 7(b) shows representative camera images (white
patterns from uFTP) at different time points. In Fig. 7(c) and (d), we
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compare the reconstructed 3D surfaces of the cantilever at three differ-
ent time points. As clearly highlighted in the zoom area and the line
profile [Fig. 7(e)], apparent ripples can be observed in the results of 3-
wavelength PSP, which also cause unwrapping errors around the end of
cantilever (where the vibration amplitude is high). Whereas the uFTP
produces decent 3D reconstruction without notable motion ripples (see
also the Supplementary Video 4 for a comparative movie). It should be
pointed out that the flat image in 4FTP is inherently a normal 2D image
that can be used for texture mapping. However, as shown in Fig. 7(f),
the fringe images have to be averaged to create a texture for PSP, which
is also easily distorted by the object motion (see also the Supplemen-
tary Video 5 for a comparative movie of the 3D cantilever surfaces with
texture mapping). These results verify that uFTP is completely immune
to motion ripples [46,50], leading to distortion-free 3D reconstruction
along with high-quality 2D texture even though the motion is fast and
the out-of-plane displacement is large.

Finally, we compare our uFTP with conventional FTP [36,38] and
modified FTP [41]. The measured scene is similar with the previous
demonstration but an additional sticker (our lab logo) is pasted on the
cantilever surface to create large reflectivity variations [Fig. 8(a)]. All
three algorithms use the same raw image data (the white images are not
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used in conventional FTP), and the retrieved phases are processed with
the same algorithms (PDM unwrapping and RGC). The reconstructed 3D
surfaces of the cantilever at three different time points by using the three
methods are shown in Fig. 8(b)—(d), respectively. As can be seen, the re-
sults generated by conventional FTP suffer from obvious artifacts and
unwrapping errors around sharp edges and dark regions. Modified FTP
eliminates the unwrapping error and reduces the artifacts through back-
ground substraction. But there still remain severe fluctuations (high-
lighted in the zoom area), which is mainly caused by large reflectivity
variations. In contrast, uFTP produces a much smoother reconstruction
without notable artifacts because the influence of surface reflectivity
variations is significantly suppressed. These results suggest that yFTP
notably improves the performance of state-of-the-arts in terms of accu-
racy and robustness when measuring textured surfaces.

3.3. Rotating fan blades

The next test object is a commercially available desk fan with 3
blades made of ~ 1.6mm thick plastic. The fan is fixed on the opti-
cal table with its front protect shell removed so that the fan blades can
be directly exposed to the measurement system. As shown in Fig. 9(a),
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Fig. 10. 3D measurement and tracking a bullet fired from a toy gun. (a) Representative camera images at different time points. (b) Corresponding color-coded 3D reconstructions. (c) 3D
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(135 ms), with the colored line showing the 130 ms long bullet trajectory. The inset plots the bullet velocity as a function of time.

though the fan is rotating at its highest possible speed, the 46 us ex-
posure time of uFTP system is short enough to freeze the high-speed
motion and record a clear image of the whirling fan blades. To illus-
trate the rotating speed of the fan blades more intuitively, we increase
the camera exposure from 46 ps to 1 ms, 2.5 ms, and 10 ms. The blade
edges become increasingly blurred. And finally at 10 ms exposure, we
are unable to identify the fan blades since the motion blur makes them to
appear as one streak. Despite of this challenging rotation speed, the 3D
shape of the whole fan, including the base, center hub, side cover, and
three blades are well reconstructed by uFTP, as shown in Fig. 9(b). One
point on each blade is chosen to demonstrate the cyclic displacements
of the fan blades [points A, B, and C, shown in Fig. 9(a)]. Displacement
in the z (out-of-plane) direction at the chosen point locations are plotted
as a function of time over a 100 ms period, as shown in Fig. 9(c). The
plot shows that the fan has a rotation period of approximately 30.3 ms,
corresponding to a speed of 1980 rotations per minute (rpm). The plot
also demonstrates a good repeatability of the yFTP measurement. Be-
sides, by applying a proper threshold on the captured white pattern, a
binary mask can be generated to extract the moving fan blades region
of interest from the static background. The color-coded 3D rendering of
the fans surface at one point in time (10.5 ms) is illustrated in Fig. 9(e).
Fig. 9(d) further gives 5 line profiles drawn along the radial direction
out from the center hub [corresponding to the dashed line in Fig. 9(e)]
at time intervals of 0.75 ms. Within the short 3 ms, the fan blade quickly
sweeps through the radical profile for about 1/10 of a revolution, result-
ing in a maximum variation over 15mm in the z direction. The results
also demonstrate that the length of fan blade is ~ 80 mm in the radial
direction out from the center hub which has a radius of ~ 20 mm. The
corresponding 3D movie is further provided in Supplementary Video
6. It is important to mention that unlike the previous study based on stro-
boscopic structured illumination [79], here we truly recorded the entire
process of fan rotation without any stroboscopic time gap between two
successive 3D frames.

3.4. Bullet fired from a toy gun

Next, we apply uFTP to image one-time transient event: a bullet fired
from a toy gun and then rebounded from a plaster wall. Fig. 10(a)-(b)
show representative camera images (white pattern) and corresponding
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color-coded 3D reconstructions at different time points. T = 0 ms is the
start of the observation time, and the bullet begins to occur in the vicin-
ity of the gun muzzle at about T = 7.5 ms. After travelling in free-flight
for about 15 ms, the bullet hits the plaster and rebounds towards the
camera. In Fig. 10(c), we show the 3D reconstruction of the muzzle re-
gion [corresponding to the boxed region in Fig. 10(b)] as well as the
bullet at three different points of time (7.5 ms, 12.6 ms, and 17.7 ms).
The two insets further provide the horizontal (x-z) and vertical (y-z)
profiles crossing the body center of the bullet at 17.7 ms, which indi-
cate that the bullet has a length of ~ 35.5mm and a diameter of ~
11.8 mm. Besides, the 3D data can be used to quantitatively analyze the
process with regards to the ballistic trajectory and velocity. By tracing
the center of the bullet body, we can obtain the bullet trajectory in 3D
space. The instantaneous speed of the bullet can then be estimated by
taking the derivative of the position function with respect to time. The
calculated muzzle velocity (velocity of the bullet when it leaves the bar-
rel) is around 7.3 m/s. At that speed, the bullet moves about one pixel
between each camera frames. Since the phase information is encoded in
single fringe pattern in yFTP, the frame-by-frame motion does not in-
troduce any visible artifacts. In Fig. 10(d), we further show the 3D point
cloud of the scene at the last moment (T = 135 ms), with the colored
line showing the 130 ms long bullet trajectory (the bullet velocity is en-
coded by the line color, see Supplementary Video 7 for time evolution
of the trajectory). The inset of Fig. 10(d) provides the bullet velocity as a
function of time, indicating that the bullet speed keeps almost constant
when travelling in free-flight, and suddenly reduces to about 2 m/s dur-
ing the collision. The fluctuation of speed after collision mainly results
from the rolling over of the bullet, which also increases the estimation
uncertainty [red shaded region in Fig. 10(d)] due to the difficulties in
accurate tracking of the bullet body center. A more detailed illustration
of the transient event is provided in Supplementary Video 8, which is
a slow-motion 3D movie containing 2700 3D frames with a frame inter-
val of 50 ps (corresponding to 20,000 3D fps over an observation period
of 135 ms). These experimental results demonstrate the potential appli-
cations of uFTP for tracking 3D trajectory of fast moving object within
a wide observation volume.
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3.5. Balloons explosion triggered by a flying dart

In the last demonstration, the proposed uFTP is applied to capturing
a very-high-frequency event air balloon bursting punctured by a fly-
ing dart. Fig. 11(a)—(d) show representative 2D camera images (white
pattern) and corresponding color-coded 3D reconstructions at different
time points. The corresponding movie is provided in Supplementary
Video 9. The balloon is suspended in air by threads and keeps still until
its surface touchs the tip of the flying dart (T = 10.7 ms). The pricked
hole propagates into a radial crack towards to two poles of the balloon,
slicing the balloon into a piece of rubber membrane (T = 13.7 ms. The
membrane then shrinks into a crumpled form rapidly (T = 15 ms) and
finally breaks into 2 fragments (T = 31.7 ms, indicated by the yellow
and blue arrows). The whole process lasts about 47 ms, while the key
event (balloon blowing up) takes place only within about 4 ms (note that
the frame intervals from the second to sixth 3D snapshots in Fig. 11(b)
are less than 1 ms). The 3D data can be used to quantitatively analyze
the explosion process. Fig. 11(e) shows 5 line profiles across the dashed
line shown in Fig. 11(a), corresponding to the time points of 10.7 ms,
11.4 ms, 12.1 ms, 12.8 ms and 13.7 ms. When the balloon is intact, only
the top surface can be imaged (shown in gray). With the crack expanding
and propagating, the bottom (inner) surface of the balloon is revealed. It
is interesting that, except for the eversion around the crack boundaries,
the main balloon surface still demonstrates a good axi-symmetry during
explosion (3 ms), characterized by a longitudinal diameter of ~ 187 mm
[shaded region in Fig. 11(d)]. In Supplementary Video 9, we can see
that the depth information of the sudden explosion within time spans
on the order of tens of microseconds is fully recovered by uFTP. The
3D results show good image quality without depth ambiguities (note in
Fig. 11(c) and (d), the two “overlapping” fragments in 2D camera im-
ages are actually separated in 3D space due to their large difference in
depth). Some depth artifacts noticeable are attributed to the insufficient
scene overlapping between adjacent camera frames because uFTP relies
on certain spatio-temporal redundancy for phase unwrapping.

4. Discussion

In this study, we have demonstrated uFTP, which is able to recon-
struct dense and precise 3D shapes of complex scenes of several inde-
pendently moving objects at 10,000 fps. Within the entire measurement
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volume of 400 mm x 275mm X 400 mm, we achieve a depth accuracy
better than 80 pm and a temporal uncertainties less than 75 pm. yFTP
has several advantages over conventional high-speed 3D imaging meth-
ods. Not only can the high-resolution, unambiguous depth information
be retrieved from two images, but also high-quality 2D textures (white
patterns) provided simultaneously with the 3D geometry. This allows
filling in the speed gap between high-speed 2D photography and fast 3D
sensing, pushing the speed limits of unambiguous, motion-artifact-free
3D imaging to the range of tens of kilo-hertz (half of the native camera
frame rate). The effectiveness of yFTP has been verified by several ex-
periments on various types of transient events, including objects that are
rapidly moving or undergoing sudden shape deformation. Experimental
results suggest the potential applications of uFTP in various fields, such
as solid mechanics, material science, fluid dynamics, and biomedical re-
search. Furthermore, yFTP is highly flexible: the fringe pitches, number
of wavelengths, sliding window length can be adjusted according to the
surface characteristics and motion speed of objects, for instance using
more than 3 wavelengths to achieve higher reconstruction reliability for
more complex objects when the motion speed is lower than the camera
frame rate.

Being a recording and post-processing technique, the processing
speed of uFTP has not yet been fully optimized. We have implemented
the uFTP reconstruction in MATLAB (the RGC algorithm is written in
C+ + language and called from MATLAB using the Mex “MATLAB Ex-
ecutable” dynamically linked subroutine). The reconstruction code can
be accessed from our website [78]. The time required for reconstruct-
ing one 3D frame is approximately 870 ms on a desktop computer (In-
tel Core i7-4790 CPU 3.6 GHz, 16 GB RAM). The processing speed can
be significantly improved by using graphics processing units (GPUs), as
the involved algorithms, such as 2D fast Fourier transform and pixel-
wise PDM phase unwrapping are highly parallelizable. This could fur-
ther enable yFTP to execute real-time 3D video reconstruction with low
latency, if a high-speed camera with synchronous data acquisition capa-
bility is employed. Moreover, due to the very similar architecture and
general versatility, uFTP is possible to be extended to other computa-
tional illumination based imaging techniques for high-speed imaging
tasks, such as structured illumination microscopy [18,80,81] and com-
putational ghost imaging [82,83].

Finally, it should also be mentioned that due to the spatio-temporal
nature of uFTP reconstruction, the reconstructed point clouds are not
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strictly independent. Though the principal value of the phase is retrieved
from two patterns (mainly from a single high-frequency sinusoidal pat-
tern), the PDM phase unwrapping procedure relies on all frames within
the sliding window (6 frames in our case). Since phase unwrapping
only remove the modulus 2z ambiguities without affecting the principal
value of the phase, we take advantage of the inherent spatio-temporal
correlation between successively captured phase images. As we have
shown, when the object motion does not induce significant discrepan-
cies between consecutive phase images, uFTP can still produce accurate
and reliable 3D reconstruction based on robust temporal phase unwrap-
ping and spatial phase error compensation. However, for scenes with
very fast object motion, it is prone to fail due to large phase discrep-
ancies or insufficient overlap of the object between consecutive phase
images, which does impose certain restrictions on its practical applica-
tion. In future work, we hope to further improve the robustness of phase
unwrapping by introducing multiple cameras or perspectives. The use
of multi-viewpoint geometric constraints increases the data redundancy
and allows the determination of absolute phase with a shorter sliding
temporal window. This improvement should make our system more fea-
sible for the measurement of faster moving objects.
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Appendix A. Background Normalized Fourier Transform
Profilometry (BNFTP)

Al. Theory

In fringe projection profilometry technique, the sinusoidal fringe pat-
tern designed in projector space can be represented as

IP(xP,yP) = a” + bP cos (2 [ x”) (A.1)

where aP is the mean value, and b? is the amplitude (or projector mod-
ulation), (>, y?) is the pixel coordinate of the projector, f(f is the fre-
quency of the sinusoidal fringe. All generated fringe patterns are sent to
a projector and then projected onto the object. Without loss of general-
ity, we assume that the fringes are oriented perpendicular to the x? axis,
as we did in this work. When the fringe pattern is projected onto the ob-
ject surface, the light reflected from the object can be attributed to two
sources: projector light as well as the ambient light. The projected fringe
pattern combined with the ambient light #; is modulated and reflected
by the object. The reflected light is then captured by the camera with
some additional ambient light g, directly entering the camera. So, the
fringe image actually captured by the camera is:

T(x€, ) = a(x€, y){a? + bPcos[2x fux¢ + Pp(x¢, y°)]

+61(x°, ¥)} + (x4, ¥) (A2)

where (x¢, y©) is the pixel coordinate in the camera space, a(x®, y°) is the
reflectivity of the measured object, and ¢(x¢, y°) is the phase containing
the depth information of the object. For simplicity, I(x¢, y°) is commonly
expressed as follows

I(xc, yc) = A(xc, yc) + B(xc,yc) cos [2717f0xC + qb(xc,yc)] (A3)
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where  A(x¢, ¥9) is the average intensity =~ which
equalsa(x®, °)[a? + B (x¢, )] + fo(x°,3°), B(x, y°) represents the
intensity modulation which equals a(x¢, y°)b? , f, is the carrier fre-
quency of the captured fringe image. The 2D Fourier transform of I(x¢,
¥©) gives

I(fer fy) = A(fer fy) + C (S = fou £y) + € (fi + Soo 1)
where (f,, f,) is the vector in spatial frequency domain corresponding
to (x, y°) . A(f,.f,) and C(f, — f;. f,) are the Fourier transforms of
A(x¢, ¥°) and %B(xc, ¥)exp {—i[27 fox° + p(x°,°)] }, respectively, and *
denotes the complex conjugate. Note that influence of the phase factor
exp (—i27 fyx) can be interpreted as a translation of f; in the spatial fre-
quency domain. In conventional Fourier Transform Profilometry (FTP)
[25,36-38], ¢, A, and B are assumed to vary slowly compared with the
carrier frequency f,, and thus, the zero order (fi( S fy)) is separated
with the +1 order (C(f, — fo. f,)) and —1 order (C*(f, + fo. f,)) in
the frequency domain. Then a properly designed band-pass filter can be
applied to extracting the +1 order (C‘( fv—Joo f y)), and the phase can
be retrieved by taking the angle part of the resultant inverse Fourier
transform.

One major limitation of conventional FTP lies in the fact that
when the measured surface contains sharp edges, discontinuities, or
large surface reflectivity variations, the support of the three terms in
Eq. (A.4) will be significantly extended, so that the zero frequency may
overlap with the +1 and -1 orders[37]. The spectrum overlapping
makes it difficult to filter out the +1 order (C(f, — fo. fy)), preclud-
ing high-accuracy phase reconstruction of complex objects. To address
this problem, = -shift FTP [39] and modified FTP [41] have been pro-
posed to effectively suppress the zero order by projecting an additional
« -shift sinusoidal fringe image or a flat image. However, in r -shift FTP,
the phase information is encoded in two sinusoidal fringes and thus the
sensitivity to object motion is increased. While in modified FTP, the flat
image (average gray-scale of the sinusoidal fringe pattern) is not able
to be perfectly generated by the DMD operating in binary (1-bit) mode
(since only “0”s and “1”s can be projected, the gray-scale “0.5” needs to
be created by additional spatial dithering). Furthermore, though the ef-
fect of zero order is largely removed, neither approach can handle large
surface reflectivity variations, which introduce spectrum leakage and
thus influence the high-quality phase retrieval.

Therefore, in this work, we propose a improved FTP-based approach
so-called Background Normalized Fourier Transform Profilometry (BN-
FTP) that is specially designed for high-speed 3D measurement with
binary patterns. Similar to modified FTP [41], BNFTP uses a sinusoidal
fringe image and an additional “white” image with all “1”s in the pro-
jection pattern (all mirrors in the DMD are in the “on” state). The fringe
image is created by binarizing an ideal spatial sinusoid, therefore the
parameter a? and b in Eq. (A.1) should be both 0.5:

(A4)

1 1
ITGP, ) = 5+ cos (2mf7x") (A.5)
The additional while image can be simply represented as:
P,y =1 (A.6)

In high-speed imaging conditions, the effect of the ambient light (§; and
B5) can be neglected compared with the strong projector light within the
very limited exposure time (46 u s for our uFTP system), especially when
all other light sources are turned off in measurement environment. Then
the corresponding captured images can be simplified as

1 . 1
I(x%,y%) = Ea(xc, ¥) + Ea(xc,yc) cos [27 fox° + ¢ (x°,°)] (A7)
Iz(xc’yc) — a<xc’yc)
By taking the normalized difference between I; and I, , the zero-

frequency term as well as the effect of surface reflectivity variations
can be effectively removed:

21, - I . L
I; - yz = cos [27 fox° + ¢ (x°,)°)]

(A.8)

I;(x%,)°) = (A9)
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where y is a small constant to prevent divide-by-zero error. Then Fourier
transform is applied on the normalized image I; to extract the phase in-
formation. With the subtraction and normalization of the white image,
the effect of zero-order as well as surface reflectivity variations is re-
moved before the Fourier transform, and the spectrum overlap in the
frequency domain can be prevented or significantly alleviated. Further-
more, the white image I, is also used to define a binary mask. The pixel
with sufficient large reflectivity (I;(x¢, y©) > threshold) is considered re-
liable in determining that pixels phase, and only these pixels are used
to reconstruct a 3D surface.

A2. Experimental comparison with state-of-the-art FTP methods

To demonstrate the performance of BNFTP in terms of phase error
reduction, we measure an A4-size (21.0mm x 29.7 mm) textured flat
board with 12-by-8 checkerboard pattern printed on its surface. The
corresponding sinusoidal fringe image and white image captured by the
uFTP system (camera exposure 46 s, 20,000 fps, see Section Projec-
tion and capture synchronization for details) are shown in Fig. A.1(a)
and (b), respectively. Fig. A.1(c)-(e) show the results obtained by the
conventional FTP method (without using the white image), background
subtracted FTP (similar to modified FTP[41] but use 2/, — I, for phase
retrieval), and BNFTP (use Eq. (A.9) for phase retrieval). The images
from left to right are processed fringe patterns, Fourier spectra, fil-
tered Fourier spectra (180 x 300 Hanning window), recovered wrapped
phases (carrier phases removed by spectrum centering for better illustra-
tion of the phase error), 3D reconstructions, and the corresponding line
profiles (for phase to 3D conversion, see Appendix D for details). The
root mean square (RMS) error shown here is calculated by fitting the
line profile to a straight line and calculating the difference between the
measured points about the fitted line. In the Fourier spectrum of conven-
tional FTP approach, three terms corresponding to the 0 and + 1 orders
are clearly visible. However, they are significantly extended and over-
lapped because of the background and surface reflectivity variations,
leading to prominent reconstruction artifacts (RMS error 664.15 um).
Due to the spectrum leakage, such artifacts are not just limited to the
dark square regions but propagate to bright regions and degrade the
reconstruction accuracy prevailingly. Subtracting the background can
suppress the zero-order and alleviate the spectrum overlapping to some
extent, reducing the RMS error to 169.66 um. However, the reconstruc-
tion error is still obvious because of the negligible spectrum overlapping
between + 1 orders. All these errors are almost eliminated in the results

Conventional FTP

— =
FFT Phase d
iy ‘ s

s

3

Background Subtraction

FFT. Filtered Spectrum Phase o
'
:

A BNFTP (Background Subtraction & Normalization) . Y,

Fig. A.1. Measurement of a textured flat board. (a) Sinusoidal fringe image. (b) White im-
age. (c) Results obtained by conventional FTP method without using the white image. (d)
Results obtained by background subtracted FTP (similar to modified FTP but use 21, — I,
for phase retrieval). (e) Results obtained by BNFTP. The images from left to right are:
processed fringe patterns, Fourier spectra, filtered Fourier spectra (180 x 300 Hanning
window), recovered wrapped phases (carrier phases removed by spectrum centering for
better illustration of the phase error), 3D reconstructions, and the corresponding line pro-
files (labelled by the red, green, and blue solid lines). (For interpretation of the references
to colour in this figure legend, the reader is referred to the web version of this article.)
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of BNFTP, as shown in Fig. A.1(e). With the subtraction and normaliza-
tion of the white image, the zero-order is removed and the support of
+ 1 orders is significantly shrunk into a compact star-shaped region.
The 3D result illustrates the improved smoothness as we expected. The
RMS error along the line profile is only 61.78 um, which is reduced by
11 times and 2.74 times as compared with conventional FTP and back-
ground subtracted FTP (modified FTP), respectively.

Appendix B. Temporal Phase Unwrapping with Projection
Distance Minimization (PDM)

B1. Theory

The initial phase retrieved by BNFTP is wrapped to principle values
of the arctangent function, and consequently, the phase discontinuities
occur when the unknown true phase changes by 2z. Thus, phase un-
wrapping is required to remove the ambiguities and correctly extract
the object depth. With only single wrapped phase map, spatial phase
unwrapping algorithms cannot uniquely determine the period numbers
for the cases of large discontinuities or spatially isolated surfaces. Thus,
temporal phase unwrapping (TPU) approaches with more than one rela-
tive phase maps have to be used to remove such depth ambiguities [52].
In this work, a new algorithm so-called projection distance minimization
(PDM) is proposed to address the multi-frequency temporal phase un-
wrapping in an optimum way. Without loss of generality, for n relative
phase maps represented by a vector ¢ = [¢;, ¢,, -, ¢,]7 and charac-

terized by the fringe wavelengths (fringe pitches) A = [1;, 45, -, 4,17,
the corresponding unwrapped phase maps ® = [®;, ®,, -+, ®,]T can
be represented as

D= ¢+ 27k (B.1)

wherek = [k, ky, -, k,]T is the integer fringe order vector. Since TPU
is performed pixel-wisely over the whole image, the pixel coordinate (x¢,
y©) is omitted here for simplicity. The task of phase unwrapping is to de-
termine the fringe orders k from the knowledge of wrapped phase vector
@ only, and the continuous phase maps @ can be recovered by Eq. (B.1).
To achieve this goal, the fringe wavelengths 4 should be properly chosen
so that the phase @ can be successfully unwrapped without ambiguities
within the desired measurement range [84]. This relies on the fact that
given a set of fringe wavelengths A = [1;, 4,, -, 4,]7, their least com-
mon multiple LCM (4,, 4y, -+, 4,) determines the maximum range on
the absolute phase axis within which each combinations for wrapped
phase values are unique [85-87]. Considering the projection pattern
has W pixels along the horizontal axis wherein the sinusoidal intensity
value varies (the pixels in the same column all have equal intensity) the
condition

LCM (A4, Aoy vy Ay) 2 W (B.2)

should be satisfied to exclude ambiguity.
Given the projector coordinate 0<x, <W and the condition of
Eq. (B.2) holds, all unwrapped phase values can be connected with the

corresponding projector coordinate x;, through the following relation:

Do) = 2n'xp =t (B.3)

where - is the Hadamard product (entrywise product). Eq. (B.3) sug-
gests that the trajectory of continuous phase values (®;, ®,, -+, ®,)
form a straight line passing through the origin in dimension n . The
direction vector of the line is A~ = % ;—2 -, 117 and can be pa-
rameterized by parameter t. For a given set of wrappéd phase values ¢ =
[y, ¢, -, ¢,]7, the problem of TPU is recast to finding the integer
fringe order vector k = [k, ky, -, k,]” so that the final unwrapped
phase values ® = [®,, ®,, -, ®,]7 calculated from Eq. (B.1) can pre-
cisely fall on the straight line described by Eq. (B.3). Since the ambi-
guity in the projector space is ruled out by condition Eq. (B.2), there
should be only one qualified fringe order vector k within the range
0<x, <W. For simplicity of explanation, we consider an example with
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Fig. B.1. A simple example explaining the basic idea of PDM [(4;, 4,, 43)=(2, 3, 5)
pixels, and LCM (4,, 4,, ;) =30 pixels]. (a) Changes of three wrapped phase maps
within the unambiguous range. (b) Calculated the unwrapped phase values of the red-
shaded pixel with all possible combinations of fringe orders shown in 3D space described
by (®,, ®,, ®@;).Only the correct fringe orders (7,5,3) produces unwrapped phase values
(red dot) that can precisely fall on the straight line described by Eq. (B.3). (c) In the
presence of noise, the calculated unwrapped phase values may never precisely fall on the
straight line even when the fringe order vector is correct. But the optimum fringe orders
should produce unwrapped phase values (red dot) that is closest to the straight line. The
inset shows the magnified boxed region where the point P representing the projection of
unwrapped phase values @ onto the line. (For interpretation of the references to colour
in this figure legend, the reader is referred to the web version of this article.)

three wrapped phase maps ¢ = [¢;, ¢,, ¢;3]17 , characterized by the
fringe pitches A, = 2 pixels, 4, = 3 pixels, and 4; =5 pixels. Fig. B.1(a)
shows changes of three wrapped phase maps within the unambiguous
range LCM (A, 4y, 43)= 30 pixels. In Fig. B.1(a), each small rectangu-
lar block represents one pixel, labeled by its fringe order. Careful ob-
servation reveals that for a given pixel coordinate, each combination of
three wrapped phase values is unique, therefore the fringe orders of the
three phase maps k = [k;, k,, k;]7 can be uniquely determined by ex-
amining their wrapped phases. For example, considering the red shaded
pixel with x?= 16, we can calculate the corresponding unwrapped phase
values with all possible combinations of fringe orders k = [k, k,, k3]”.
Though there are 22 possible combinations of (k;, ky, k) in this
case: (0,0,0), (1,0,0), (1,1,0), (2,1,0), (2,1,1), (3,2,1), ---, (14,9,5), only
(7,5,3) produces the unwrapped phase values ® that can precisely fall
on the straight line described by Eq. (B.3) in 3D space, as shown in
Fig. B.1(b).

However, in practice, there are many factors such as non-sinusoidal
fringe intensity, random noise of the projector and the camera, ob-
ject motion in the measurement process that may induce errors in ob-
tained wrapped phase maps. In such cases, the unwrapped phase values
@& =[d,, d,, -, ®,]" calculated from Eq. (B.1) may not precisely fall
on the straight line described by Eq. (B.3) for all possible fringe order
vectors [even when the fringe order vector is correct, as illustrated in
Fig. B.1(c)]. To solve the phase unwrapping problem in the presence of
noise optimally, we should choose the fringe order which produces the
unwrapped phase values ® = [®;, ®,, -, ®,]7 that is closest to the
straight line. Thus, the distance from the point (®;, ®,, ---, ®,) to the
line in Euclidean geometry should be calculated to quantify how close
they are. We first project the point onto the line to get a projected point
P=[P, P,, -, P,]7,which should satisfy the following simultaneous
equations

PoA =t
{(P SN (B.4)
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The first line of Eq. (B.4) indicates that the projected point P must lie on
the line described by Eq. (B.3)), and the second line of Eq. (B.4) suggests
that the projected vector P — ® must be perpendicular to the direction
vector of the line. Solving Eq. (B.4) we obtain the parameter

—1 -1

_1|? _I\T n 1 noo
t= <“x il ) o= <2,~=1 <A—2>> P B.5)
and the projected point
P=1"" (B.6)
where |||| is the Euclidean norm. The distance d from the point to the
line is just the distance between the point ® = [®;, ®,, -+, ®,]” and
the projected point P = [P, P,, -+, P, :
d* = ||P - @|*=P - ®)" (P - D) (B.7)

With all the above equations at hand, the basic procedures of the
PDM algorithm can be summarized as follows:

Step 1. Choose a proper set of fringe wavelengths A =
[A, Ay oo+, An]T satisfying condition Eq. (B.2) to generate wrapped
phase vector ¢ = [¢;, ¢,, -, ¢,]7 with unique phase values over the
maximum projector coordinate W.

Step 2. Generate all fringe order vector k; that contains all possible
combinations of integer fringe orders[k,, k,, -, k,]T over the maxi-
mum projector coordinate W, as we did in Fig. B.1(a).

Step 3. For each fringe order vector k; , calculate the corresponding
unwrapped phase values ®; [Eq. (B.1)], projected unwrapped phase val-
ues P; [Eq. (B.5) and (B.6)], and finally the distance d[.2 between them
[Eq. (B.7)]. (Note that if the approximate depth range of the measured
scene can be estimated, geometric constraint [58,61-63] can be applied
to limiting the search range of k; and ruling out several false candidates
beforehand. See Appendix D2 for details)

Step 4. Select the fringe order vector which produces the minimum
di2 (denoted as dém) as the optimum solution kOpt . Meanwhile, the cor-
responding unwrapped phase values @, can be obtained [Eq. (S10)].
It should be also noted that the minimum projection distance map d.im
in PDM reflects the unwrapping reliability for each pixel (larger dii"
value means lower unwrapping reliability), which is further used in the
subsequent fringe order error compensation algorithm (See Appendix
C for details).

B2. Proof about optimality

Let us assume the additive phase noise model of the phase measure-
ment

P =@+ Ap (B.3)

where Ag is zero-mean Gaussian distributed noise vector with a vari-
ance vector of ¢2 . This assumption is valid for typical image sensor in
which thermal or shot noise is the main noise type. The importance of
the Gaussian distribution arises from the fact that many distributions
can be approximated by the Gaussian one. Furthermore, a combination
of noise sources of the same kind usually behaves like a Gaussian noise
source as a result of central limit theorem.

If the wrapped phase maps ¢, are recovered from the same phase
retrieved algorithm (e.g., BNFTP or standard phase shifting algorithm
with the same phase-shift step, which is true for most practical condi-
tions), their phase error variance should be identical alz=o§= =02 = 67
(which is independent with fringe wavelength, see our recent TPU re-
view paper [52] for detailed explanations). After phase unwrapping, the
phase values in the phase maps are only modified by multiples of 2z, so
the noise variances for all of unwrapped phase maps should be identical

as well:
@, =D+ Ap (B.9)

where Ag is zero-mean Gaussian distributed noise vector with a vari-
ance of 62, which is same as the one in Eq. (B.8). For phase unwrapping
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problem, since the true unwrapped phase vector is unknown, the fringe
orders k can only be determined from the measured values. Suppose we
have a group of unwrapped phase maps ®,, = [®,,;, D2, > P,,l"
each phase map ®,,; actually corresponds to a statistically independent
measurement of the same physical quantities. In most case, the phase
value is used as a unique identifier of the projector pixel coordinate x,
[or equivalently, parameter t in Eq. (B.3)], which is related to the actual
height/depth of the measured objects. So we can obtain n separate and
independent (but inconsistent) estimates of the parameter t

t, = ®,0h =1+ At (B.10)

where At = AoAg is an zero-mean Gaussian distributed derivation vec-
tor with a variance vector of 1262. Based on the principle of maximum
likelihood, the best estimate of t from these actual estimates is given by
the following weighted average [88]

T n
. wl't L w D
7 . m 21_1 M mi (Bl])

lIwlly

where the weights are inverse squares of the uncertainties in actual es-
timates
1

1

;=
The rationale of Eq. (B.10) can be understood based on the fact that us-
ing denser fringe patterns (smaller wavelengths) generally leads to more
sensitive measurements and lower uncertainties, and hence the weights
for smaller wavelengths should be larger. Substituting Eq. (B.12) into
(B.11) and after simple reduction, it can be verified that Eq. (B.11) is
exactly the same as Eq. (B.5). This exactly proves that the proposed
PDM algorithm always produces the optimum fringe order pair so that
the corresponding unwrapped phase values are closest to the maximum
likelihood estimates.

B3. Comparison with heterodyne phase unwrapping

Similar to many other TPU algorithms, the PDM solves the phase am-
biguity problem by employing multiple phase measurements with dif-
ferent frequencies. Compared with the state-of-the-art algorithms[52],
it not only guarantees to give an optimal solution in a maximum like-
lihood sense but also provides an inherent metric drznin to evaluate the
unwrapping reliability quantitatively (which is used in the reliability
guided compensation algorithm. See Appendix C for details). To bet-
ter understand the advantage of the PDM algorithm, here we compare
it with the classic heterodyne approach [89,90], which is probably the
most widely used TPU algorithm especially for the three-wavelength
case [53,91]. Let us first consider the two-frequency scenario with the
wavelengths 4; <4, <24,. The heterodyne approach extends the un-
ambiguous phase range to the synthetic wavelength A,, by taking the
difference of the phase measurements taken at each wavelength:

Atdy
=4

Ap= (B.13)

However, for the proposed PDM, it is easy to verify that its unambigu-
ous measurement range is always no less than that of the heterodyne
approach

Ady

LCM (4, 4y) 2 Py

(B.14)

The conclusion can be easily extended to the cases of three or even more
wavelengths. Thus, the proposed PDM has a larger unwrapping range
than classic heterodyne approach. Another advantage of the proposed
approach lies in fact that it is less sensitive to noise, and thus can provide
higher unwrapping reliability (success rate). For space reasons, here we
only support our claim by simulation and experiment (see Appendices
B4 and B5). More detailed theoretical analysis about the noise tolerance
and the optimum choice of wavelengths will be presented in future pub-
lications.
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B4. Comparison by simulations

In this section, the performance of PDM and heterodyne phase un-
wrapping algorithms is compared by numerical simulations. Two dif-
ferent situations will be considered in these simulations. The smooth
surface (phase map 1, generated from the MATLAB built-in function
“peaks”) and a discontinuous surface (phase map 2) with sharp abrupt
edges. The true wrapped and continuous phase maps (1024 x 1024 pix-
els) are shown in Fig. B.2(a) and (d), respectively.

Firstly, three different wavelengths (4;, 4,, A3) = (14, 16, 18) are
used in the simulations, and the true continuous phases are shown in
Fig. B.2(b) and (e). These continuous phases are corrupted by normally
distributed random noise with a mean value of zero and a standard
derivation of 0.04 and then wrapped to the range of [-z, x) , as shown
in Fig. B.2(c) and (f). Figs. B.3 and B.4 show the phase unwrapping re-
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Fig. B.2. Simulated of continuous phase maps and wrapped phase maps. (a) Phase map
1. (b) True continuous phase maps when (/11, Ay, /13) = (14, 16, 18). (c) Wrapped phase
maps with noise (phase noise variance 0.042). (d) Phase map 2. (e) True continuous phase
map when (,11, A, ,13)= (14, 16, 18). (f) Wrapped phase maps with noise (phase noise
variance 0.042).

Fig. B.3. Phase unwrapping results of three-wavelength heterodyne method (4,, 4,. ;)
= (14, 16, 18). (a)-(c) Unwrapped phase maps of Phase 1. (d) 3D plot of unwrapping result
with 4, = 14. (e)—(g) Unwrapped phase maps of Phase 2. (f) 3D plot of unwrapping result
with 4, = 14. Note for (d) and (f), the linear carrier phase (phase ramp) is removed from
each result to get a better view.

m
20 M»«\v e

Fig. B.4. Phase unwrapping results of three-wavelength PDM method (4,, 4,, 4;) =
(14, 16, 18). (a)-(c) Unwrapped phase maps of Phase 1. (d) 3D plot of unwrapping result
with 4, = 14. (e)~(g) Unwrapped phase maps of Phase 2. (f) 3D plot of unwrapping result
with 4, = 14. Note for (d) and (f), the linear carrier phase (phase ramp) is removed from
each result to get a better view.
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Fig. B.5. Phase unwrapping results of three-wavelength heterodyne and PDM methods
(41, 4y, 43) = (16, 17, 18). (a) 3D plot of unwrapping result of Phase 1 with 4, = 16
using heterodyne method. (b) 3D plot of unwrapping result of Phase 1 with 4, = 16 using
PDM method. (c) 3D plot of unwrapping result of Phase 2 with 4, = 16 using heterodyne
method. (d) 3D plot of unwrapping result of Phase 2 with 4, = 16 using PDM method.
The insets illustrate the error maps (black correct, white- wrong) and number of errors
(excluding edge regions) for corresponding unwrapping results.

sults of heterodyne and PDM algorithms, respectively. Note that the un-
wrapped phase maps with A, = 14 from each group of results are further
plotted in 3D in Figs. B.2 and B.3, where the linear carrier phase (phase
ramp) is removed from each result to get a better view. It can be seen
that there remain several phase discontinuities in the unwrapping results
of heterodyne approach. This is due to the fact that the (4, 4, 43) =
(14, 16, 18) only leads to synthetic wavelength 1,53 = 504 < 1,000 pix-
els, so the heterodyne method cannot unwrap the whole range of phase
successfully. However, for PDM, since the unambiguous measurement
range can be extended to LCM (4, A;, 43)= 1,008 > 1,000 pixels,
all phase maps can be successfully unwrapped, and the 3D surfaces are
correctly reconstructed. Note that there are still some unwrapping errors
noticeable in the right edge regions of the unwrapped phase maps. This
kind of edge error is normal for TPU algorithms and only influences the
edge regions of the continuous phase without spoiling the whole mea-
surement [52]. Besides, this kind of error can be avoided by using a
smaller field of view of the projected patterns for actual measurements.
Excluding the limited edge parts (20 pixels in width), the success rates
of the two PDM unwrapped results are both 100% in this simulation.

The second simulation compares the performance of PDM and het-
erodyne with a different wavelength setting (4;, 4,, 43)= (16,17, 18)
and with other parameters in the previous simulation unchanged. Un-
der this condition, the theoretical unambiguous measurement ranges of
heterodyne and PDM are the same and both larger than the image di-
mension (Ajp3 = LCM (4;, 4;, A3) = 2,448 > 1,000 pixels). Fig. B.5
compares phase unwrapping results of heterodyne and PDM. The num-
ber of errors (excluding edge regions) as well as error distribution maps
(black correct, white wrong) for corresponding unwrapping results are
also provided in the insets of Fig. B.5. It can be seen that the PDM ap-
proach provides higher success rate and fewer phase unwrapping errors.
Only about 110 out of the totally pixels are not correctly unwrapped.
In contrast, unwrapping errors are far more prevailing in the results of
heterodyne approach, with more than 2,100 pixels are contaminated by
fringe order errors [Fig. B.5(a)-(c)].

From the above two simulations, it can be found that the proposed
PDM approach offers extended unambiguous measurement range com-
pared to classic heterodyne approach using the same wavelengths. It also
offers better resistance to noise and higher unwrapping reliability. By
carefully comparing the results of Figs. B.4 and B.5, it is also found that
the unwrapping reliability of PDM is closely related to the selection of
wavelengths. Simply changing the wavelengths (4,, 4,, 4;) from (14,
16, 18) to (16, 17, 18) leads to obvious decline in the noise-robustness.
This means that there does exist certain configurations of wavelengths
which is more efficient, in terms of noise immunity, than that of other
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settings. In practice, the optimal set of wavelengths should depend on
the noise levels, resolutions of the projector and the camera, scenes albe-
dos, and the degree of lens defocusing. We cannot discuss this point in
detail for lack of space. But a simple, empirical procedure is suggested
here for obtaining a “reasonably good” (but not necessarily yields the
optimal) set of wavelengths for the yFTP measurement.

(1) Determine a wavelength range so that the wavelength is suffi-
cient small for BNFTP phase retrieval but can achieve both good fringe
visibility (modulation) and sinusoidity with a slight defocused projector.

(2) Select each wavelength within the determined range properly
so that LCM (4, 4y, A3) is larger but close enough to the required
ambiguous measurement range (the projector resolution).

B5. Experiment on a complicated scene

To demonstrate the performance of the proposed PDM approach, we
measure a complicated scene which contains a plaster model on the
left and a human hand separately on the right. The wavelength set
(A,, As, 13) = (14, 16, 18) is used in the experiment, and the unam-
biguous range is LCM (4;, A,, A3) = 1008 pixels. Though this value is
a bit smaller than the W = 1024 pixels of the projector used, it is suffi-
cient to exclude phase ambiguity especially when a smaller field of view
of the projected patterns is used for actual measurements, and the geo-
metric constraint is imposed to restrict the search range of fringe orders
(see Appendix D2 for details).

Fig. B.6(al)-(a4) show the three fringe images with different wave-
lengths and the white image captured by the yFTP system (camera ex-
posure 46 us, 20,000 fps, see Materials and methods for details). The
corresponding wrapped phase maps recovered by BNFTP algorithm (see
Appendix A for details) are shown in Fig. B.6(b1)- (b3). These three

1, = 16 pixels

White image

ﬁ

0 iy

(e4)

wi z constraint

Ak

)

after RGC

Fig. B.6. Measurement results of a complicated scene using three-wavelength PDM
(4. 4, 43) = (14, 16, 18). (al)-(a3) Fringe images with different wavelengths. (a4)
White image. (b1)-(b3) Wrapped phase maps recovered by BNFTP algorithm. (b4) Mini-
mum projection distance map (reliability map df‘m). (c1)—(c3) Phase unwrapping results
of the classic heterodyne approach. (c4) Synthetic phase map ®,,; obtained by taking
the differences of the phase measurements taken at each wavelength. (d1)-(d3) Phase
unwrapping results of PDM. (d4) 3D reconstruction based on the unwrapped phase map
corresponding to A,. (e1)—-(e4) are the results when the geometric constraint is imposed
to restrict the search range of fringe orders in Step 3 of PDM algorithm. (f1)-(f4) are the
final results after the reliability guided fringe order error compensation algorithm.
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wrapped phases are unwrapped by the classic heterodyne approach and
the proposed PDM. The minimum projection distance map (drznin) for
each pixel generated by PDM is shown in Fig. B.6(b4). Fig. B.6(c1)-
(c3) show the phase unwrapping results of heterodyne approach, and
Fig. B.6(c4) is the synthetic phase map ®,,3 obtained by taking the
differences of the phase measurements taken at each wavelength. Phase
discontinuities can obviously seen in the results as expected because the
heterodyne method cannot unwrap the whole phase range (synthetic
wavelength 1,53 = 504 < 1,000 pixels), which is consistent with the
simulation results shown in Fig. B.3. Fig. B.6(d1)-(d3) show the phase
unwrapping result of PDM, and Fig. B.6(d4) is the 3D reconstruction
based on the unwrapped phase map ®,(see Appendix D2 for details).
It can be seen from Fig. B.6(d) that most points (more than 98% of
pixels) are correctly unwrapped through the PDM approach. The lim-
ited fringe order errors are mostly concentrated on the dark regions
and object edges where the minimum projection distance map d?nin is
large [the bright regions of Fig. B.6(b4)]. These fringe order errors can
be greatly reduced by imposing the geometric constraint to restrict the
search range of fringe orders in Step 3 of PDM algorithm and finally
completely eliminated by a subsequent reliability guided fringe order
error compensation algorithm, which will be introduced in the next sec-
tion.

Appendix C. Reliability Guided Compensation (RGC) of Fringe
Order Error

C1. Theory

Though PDM can provide optimal unwrapping performance even un-
der noisy conditions, fringe order errors are still inevitable especially
around dark regions and object edges where the fringe quality is low
[Fig. B.6(d)]. The problem is even worse for high speed imaging of
transient events due to the very limited exposure time and nonnegli-
gible frame-by-frame object motion. Here we propose an approach so
called RGC for identifying and compensating those fringe order errors
by exploiting additional information in spatial domain. The rationale of
the approach is based on the fact that the fringe order errors are usu-
ally isolated (at least less concentrated than the correct phase values)
delta-spike artifacts with a phase error of integral multiples of 2z. In-
spired by the quality guided (spatial) phase unwrapping [75-771, we
first gather contiguous pixels within a continuous region of the phase
map into groups. Then the isolated pixels or pixels falling into the small
groups are considered as fringe order errors, and their phase values will
be corrected with respect to the phase value of the adjacent pixel within
a larger group, according to an order ranked by a predefined reliability
function.

There are two main issues in the RGC algorithm: the choice of the
reliability function and the design of processing path. In PDM, tempo-
ral phase unwrapping is recast as an optimization problem of choosing
the fringe orders so that the resulting unwrapped phase value combina-
tion ® = [®;, ®,, -, ®,]T is closest to the straight line described by
Eq. (B.3). Therefore, the minimum projection distance map diin for each
pixel calculated from Eq. (B.7) is used to evaluate the reliability of phase
unwrapping [larger drznin value means lower reliability, as demonstrated
in Fig. B.6(b4)]. It should be noted that other criterions, like the fringe
modulation and phase gradient, can also serve as the reliability function
when diin is unavailable (when a different TPU approach is employed).
The processing path is determined by comparing the value of the reli-
ability of the edges instead of pixels [75]. The reliability of an edge is
defined as the summation of the reliability of the two pixels connected
by the edge. The edges are stored in an array and sorted by the value of
reliability. The edges with higher reliability are resolved first.

Fig. C.1 presents the flow chart of the RGC algorithm as well as an
example explaining its basic principle. At the preparation stage, the re-
liability value of each edge is constructed based on the distance map,
as illustrated in Fig. C.1(a). Then, we go through all the edges in the
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Fig. C.1. Flow chart of the RGC algorithm as well as an example explaining its basic
principle. (a) Construct the reliability value based on the distance map d?2, . The relia-
bility value of each edge is defined as the summation of the reliability of the two pixels
connected. (b) Go through all the edges in the phase map and gather contiguous pixels
within a continuous region of the PDM unwrapped phase map into groups. (c) Isolated
pixels or pixels falling into the small groups are considered as fringe order errors, and
their phase values will be corrected with respect to the phase value of the adjacent pixel
within a larger group.

phase map and join adjacent pixels with phase difference less than z
into a group. After this step, all contiguous pixels within a continuous
region of the PDM unwrapped phase map can be gathered into the same
group, as illustrated in Fig. C.1(b). The third step of RGC algorithm is
to correct the fringe order error according to an order ranked by the
value of reliability (edges with higher reliability or smaller edge value
are processed first). For a given edge being processed, if the connected
two pixels belong to different groups, and the number of pixel in the
smaller group is less than a predefined threshold T}, (a typical value of
T, = 200), we need to correct all phase values of smaller group with re-
spect to the larger group and join the two groups together. As shown
in Fig. C.1(c), if the edge with the reliability value 0.47 is currently be-
ing processed, and this edge connects two pixels with phase values of ®;

and ®g , which belong to two different groups. Then the Round ( %)

multiples of 2z value is added to all the pixels in the group that contains
the smaller number of pixels, and the two groups are joined together.
This step is repeated until all the edges are processed. Eventually, the
fringe order errors can be effectively compensated.

C2. Experiments

In Fig. B.6(e), we have already demonstrated that the fringe order
error in PDM unwrapped phase can be completely corrected by the RGC
algorithm. However, since the measured object is quasi-static, the phase
unwrapping errors are very limited, especially when the geometric con-
straint is applied. Thus, in Fig. C.2, we further present two experimen-
tal results to demonstrate the validity of RGC algorithm when mea-
suring fast changing objects. The measured objects are a rotating fan
and a bursting balloon punctured by a flying dart (more details about
the experimental configurations can be found in Sections Rotating fan
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Fig. C.2. Experimental results of RGC algorithm when measuring dynamically changing
objects. (a) Rotating fan blades. (b) A bursting balloon punctured by a flying dart. The
images from left to right are: wrapped phases recovered by BNFTP, phase unwrapped by
PDM (with geometric constraint), 3D reconstructions from the PDM unwrapped phases,
phases refined by RGC, and final 3D reconstructions from the RGC refined phases, respec-
tively.

blades and Balloons explosion triggered by a flying dart). As shown
in Fig. C.2, the object motion introduces more prominent fringe order er-
rors, and the geometric constraint is inadequate to suppress them. How-
ever, these fringe order errors are successfully corrected by the RGC al-
gorithm, resulting in high-quality 3D reconstructions without any delta-
spike artifacts.

Appendix D. System Calibration, Geometric Constraints, and 3D
Coordinate Mapping

D1. Mapping from phase to 3D coordinates

Once the final unwrapped phase image is obtained after RGC, we can
establish a unique correspondence value x? for every camera pixel (x¢,
¥©) through the linear equation

¢ ¢ 2
D(x4, %) = TXP (D.1)
Based on the pin-hole model of the imaging lens, the relationship be-

tween the 3D world coordinates of the measured object (x", y*, 2*) and
the 2D camera pixel coordinates (x¢, y°) can be described as

xc xLU xw_
e A
s ylc = A¢ [Rc,tc] g = P° ”
1 1
xu}
Py P Pz Py o
— C C C C
=P P Py Pyl Lw @2
C C C C
Py P Py Pag/ g

Here superscript ¢ denotes the camera, s is a scaling factor, [RS, t°] is the
3 X 4 extrinsic parameter matrix representing the rotation-translation
from the world coordinate system to the camera coordinate system. A€
is the 3 x 3 intrinsic parameter matrix of the camera. P¢ is the 3 x 4 per-
spective matrix, which is just the product of extrinsic parameter matrix
and the intrinsic parameter matrix of the camera. Since the projector
has exactly the same mathematical model as the camera, similar rela-
tionship can be established between the 3D world coordinates of the
measured object (x”, ¥, ) and the 2D projector pixel coordinates (x,

»»)

» X X
X yll) yw
slyP| = AP [RP,tIJ] - = PP u
1
1 1
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A A
o P P Pall e
= p%l p%z p%3 p%4 " (D.3)
Py Py Py Pyl

Here superscript p denotes the projector. The meaning of the parameters
in Eq. (D.3) are the same as those in Eq. (D.2) but for the DLP projector.
If both projector and camera are calibrated under the same world coor-
dinate system, Eq. (D.1)-(D.3) can be combined to obtain the 3D world
coordinates (x*, y", z") for each camera pixel (x¢, y©) :

-1
w C ¢ yC C _ C O C _ € C
x Py TPy X0 P T PpX Py T Py3X
wl =], _ ¢ e C _ C A C C 2 C
= pﬁl Pgly Py = P3Y p1%3 P13’3y
w - p _ » I
z Py =P X Py — X Py P
C ¢ _ ¢
Py X — Py
X[ P53, = oy D.4)
D _ P
34X T Py

Eq. (D.4) can be effectively implemented based on lookup tables (LUTSs)
if the matrix inversion and multiplication operations are expended and
pre-calculated for each pixel [54]. After simplification, the mapping of
camera pixel to world coordinates can be represented as

Lzz(xc, ¥©)

W(x¢,y°) = L (x5, )°) + ——— 2"~ D.5
Z9(x%, y%) = L (x,)%) TG ) X 1 (D.5)
x(x, y%) = Ly (x¢, )2 (x4, ¥) + Ly (x4, ¥°) (D.6)
YO %) = Ly (x4, y9)2 (x4, ¥°) + Lyp(x,)°) (D.7)

where L4 are pre-calculated LUTs (constant parameters) for each cam-
era pixel coordinate.

D2. Geometric constraints in phase unwrapping

On a different note, the simple linear 3D coordinate mapping pro-
cess can be reverse-applied if the measurement volume or the approx-
imate depth range of the measured scene can be estimated beforehand
according to the fringe quality, or the size of the measured object. The
geometric constraint [58,61-63] allows to reduce the search space for
fringe order combinations in PDM and thus, decrease the possibility of
fringe order errors. For example, if the depth of interest is within the
range [Zy,';;in’zrlﬁax] , we can invert Eq. (D.5) to find the corresponding
valid range of absolute phase [®;,, ®., ] for each camera pixel:

2 L (x°,y) 1
(Dmin(xcs y‘) = £ Zzw - c e (DS)
A\ LG,y [z = Loy, y)] L y9)
2 L, (x%,)°) 1
Dy (66, 5) = = 2 — - — ¢ (D9)
A LG, y)[2%, — L,y Laa(x¢,59)

Then the valid range of the fringe order k € [k, , kpmax ] fOr each camera
pixel can be determined:

D . c’ c
Kin (X6, ¥) = floor[$] (D.10)
D, L” c
Kmnax (X, ) = ceil [# (D.11)
T

where the floor[.] (ceil[.toolbox]) function returns the largest (smallest)
integer less (greater) than or equal to the specified numeric expression.
Egs. (D.10) and (D.11) can be incorporated into the Step 3 of PDM al-
gorithm to limit the search range of fringe order combinations k; and
rule out several false candidates beforehand. As the example shown in
Fig. B.6(c), if no depth constraint is applied in PDM, most of the 3D
point clouds reconstructed from the wrong candidates (fringe order er-
ror) will fall outside of the measurement volume, exhibiting very large
depth deviation. Fig. B.6(d) shows the results when the depth constraint
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Table D.1
Experimentally Calibrated Internal, External and Distortion Parameters of yFTP system.

Optics and Lasers in Engineering 102 (2018) 70-91

Index Camera

Projector

Focal length (pixels)
Principal point (pixels)
Skew coefficient
Distortion coefficients
Rotation matrix
Translation vector

[1182.245 1180.819]

[331.579 230.428]

0.00205

[-0.0858 0.1837 0.00047 —0.00112]

[24.369 —21.189 808.857]

[0.995 0.0096 0.0991 0.0064 —0.999 0.0321 0.0993 —0.0313 —0.9946]

[1881.674 1880.710]

[536.013 356.105]

0.00116

[-0.02421 —0.1305 0.00149 0.00280]

[0.984 0.0059 —0.178 0.0115 —0.999 0.0304
[31.207 11.652 806.228]

—-0.177 —-0.0320 —0.984]
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Fig. D.1. Valid range of the fringe order [k,;,, k. ] calculated based on the calibra-
tion parameters of uFTP system when the measurement depth is limited to the range
[z ,z* ]=[0 mm,100 mm]. (a) Fringe wavelength 4, = 14 pixels. (b) Fringe wavelength

min” “'max

A, = 16 pixels. (c) Fringe wavelength A; = 18 pixels.

is applied in the PDM ([z;’m, z 1= [0 mm, 100 mm]). Based on the cal-
ibration parameters of the yFTP system shown in Table. D.1, the valid
range of the fringe order [k, , kpax ] for different wavelengths are cal-
culated, as shown in Fig. D.1. The results demonstrate that the geometric
constraint significantly shrinks the search space of fringe orders in PDM,

and considerable portion of fringe order errors can be rectified.

D3. System calibration

One important issue in the above-mentioned linear 3D coordinate
mapping approach is that the projection imaging distortion of lenses
used in the system is not considered. When determining the valid range
of the fringe orders, the effect of lens distortion is minimum and can be
simply ignored. However, it must be involved in the final 3D point cloud
mapping process to give a result with higher measurement accuracy. In
this work, 4 coefficients (two radial distortion parameters and two tan-
gential parameters) are used to describe the distortion of the projector
and camera lenses, and these coefficients can be obtained in conjunc-
tion with the intrinsic and extrinsic parameters during the calibration.
Due to the lens distortion, the imaging points will deviate from their
ideal locations, thus the correspondence between the distorted x’;is and
camera pixel (Xfm’ y;”) based on the absolute phase value should not be
directly used for 3D reconstruction. Instead, we need to transform them
to the undistorted coordinates(x” and (x¢, y¢)) based on the calibrated
distortion coefficients. Since the analytical inversion of the lens distor-
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Fig. D.2. Calibration of yFTP system. (a) 9 images of the calibration board with different
poses. (b) Reprojection error distributions of the camera and the projector.

tion model (inverse mapping relationship from the distorted coordinate
to the undistorted coordinate) does not exist, an iterative scheme [92] is
used to find the correspondence between the undistorted camera coordi-
nate (x¢,)°) and the projector coordinate x” , and the distortion-free 3D
world coordinates (x*, y*, z*) can then be obtained through Eq. (D.4).
Note that the undistorted camera coordinates can be pre-calculated and
stored in a LUT, while the projector distortion needs to be corrected
based on the phase value and can only be performed at runtime. For
more details about the implementation, one can refer to the MATLAB
source code available on our website [78].

In the system calibration procedure, a calibration board with a white
9 x 11 circle array distributed uniformly on a black background is used.
The distance between the centers of each circles is 30 mm. We capture 9
images of the calibration board with different poses to get a calibration
volume of ~ 400mm x 275mm X 400 mm, as shown in Fig. D.2(a).
The projector is calibrated as an inverse camera with the help of the
calibrated camera. We project two orthogonal sets of frequency-varying
(fringe periods 1, 8, 64 in the x direction and 1, 8, 48 in the y direc-
tion) and phase-shifted (16-frame for the highest frequency) sinusoidal
fringe patterns onto the calibration board. The absolute phase recovered
by phase-shifting and multi-frequency temporal phase unwrapping tech-
niques is used to establish a one-to-one mapping between a camera pixel
and a DMD pixel. The intrinsic, extrinsic, and distortion parameters of
the projector and camera are calibrated based on MATLAB Calibration
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toolbox from J. Bougue [93], and optimized with bundle adjustment
(BA) [94,95] in which both measurement errors and the fabrication er-
rors of the calibration board are taken into account. The final inter-
nal, external and distortion parameters of the camera and projector are
shown in Table. D.1, and the RMS of the resultant reprojection error is
(0.053, 0.051) pixels for the camera and (0.087, 0.085) pixels for the
projector, as shown in Fig. D.2(b).

Appendix E. Supplementary Videos
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Fig. E.1. Supplementary Video 1: Projection and capture synchronization of uFTP sys-
tem. The designed pattern sequences are projected on a dynamic scene (a rotating desk
fan) sequentially and periodically at 20,000 Hz. The corresponding images are precisely
captured by a synchronized high-speed camera.
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Fig. E.2. Supplementary Video 2: Color-coded 3D reconstruction of the test scene and the
corresponding error analysis over the 41 ms period [see also Fig. 5(b)-(d)]. The test scene
consists of two standard spheres and a free-falling table tennis ball. The color-coded 3D
reconstruction is shown on the top left corner. The error distributions of enlarged areas
corresponding to the dashed-boxes are shown on the bottom left and right.
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Fig. E.3. Supplementary Video 3: Color-coded 3D rendering of the two vibrating can-
tilevers surfaces and the corresponding side-views over the whole 986.4 ms period [see
also Fig. 6(d)].
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Fig. E.4. Supplementary Video 4: Comparison of yFTP with three-wavelength PSP based
on a vibrating cantilever. yFTP is completely immune to motion ripples that are inevitable
in conventional multi-frequency phase-shifting based techniques [see also Fig. 7(c)-(d)].
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Fig. E.5. Supplementary Video 5: Comparison of yFTP with three-wavelength PSP based
on a vibrating cantilever. The 3D point clouds are visualized with texture mapping.
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Fig. E.6. Supplementary Video 6: Color-coded 3D rendering of the rotating fans surface
and the evolution of the corresponding radical profile along the dash line for approxi-
mately two full rotating cycles (60 ms) [see also Fig. 9(d)-(e)].
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Fig. E.7. Supplementary Video 7: Temporal evolution of the bullet trajectory and the 3D
point clouds of the scene over the 135 ms period. The bullet velocity at each track point
is encoded by the line color [see also Fig. 10(d)].

Free-view mode

Time: 0.00615 seconds
3D Frame Number: 123

Fig. E.8. Supplementary Video 8: Slow-motion 3D movie of the transient event: a bullet
fired from a toy gun and rebounded from a plaster wall. The video contains 2700 3D
frames with a frame interval of 50 ps (corresponding to a frame rate of 20,000 fps over
an observation period of 135 ms).

Fig. E.9. Supplementary Video 9: Air balloon bursting punctured by a flying dart. The
2D images are directly taken by the camera (corresponding to the white patterns) at
20,000 fps. The 3D reconstruction speed is 10,000 fps (2 images per 3D frame) [see also
Figs. 11(a)-11(d)].

Supplementary material

Supplementary material associated with this article can be found, in
the online version, at 10.1016/j.optlaseng.2017.10.013.
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