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For 3D imaging using fringe projection prfilometry (FPP), temporal phase unwrapping (TPU) able to robust 
absolute phase recovery is essential for accurately measuring complex scenes with surface discontinuities. In 
the presence of systematic errors and other random noises, the most efficient dual-frequency TPU method 
generally restricts the frequency of high-frequency phases to about 16, compromising the 3D measurement 
accuracy. Employing the reference phases based on depth constraint allows for unwrapping the phase map with 
a higher frequency, albeit at the cost of a narrower measured depth range. In this paper, we present a fast 
and long-range 3D shape measurement method using reference-phase-based number-theoretical temporal phase 
unwrapping with a MEMS Projector. By introducing the reference phases into traditional number-theoretical 
TPU, the proposed method with the aid of the optimal bi-frequency scheme has the ability to efficiently 
and accurately remove the phase ambiguities of high-frequency fringes, while theoretically circumventing 
the limitations of the measurement range. Furthermore, simulations and experiments have been carried out 
to evaluate the absolute phase measurement performance of three groups of classical TPU algorithms using 
the reference phases, including multi-frequency approach, multi-wavelength approach, and number-theoretical 
approach. Additionally, the feasibility of our method is validated in two developed 3D imaging sensors using 
MEMS-based miniaturized projectors for various application scenarios. Owing to the more complex calibration 
processes and lower projection quality of MEMS projectors in comparison to DLP projectors, experimental results 
demonstrate that the proposed method is highly available for 3D imaging systems with MEMS projectors, which 
enhances the efficiency and accuracy of absolute phase measurement, achieving fast, wid-field-of-view, and 
long-range 3D imaging.

1. Introduction

Optical 3D imaging, as one of the most promising metrology tech

niques [1,2], enables the quantitative acquisition of three-dimensional 
(3D) geometric information of objects, and is extensively applied across 
numerous fields, such as reverse engineering, intelligent manufacturing, 
and medical plastic surgery. Mainstream optical 3D imaging methods in

clude stereo vision [3--7], time of flight [8--11], laser line scanning [12], 
and structured light projection [13--16], related instruments have been 
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employed for robot navigation, autonomous driving, and 3D defect de

tection. With the advances of high-performance cameras and structured 
light projection techniques, fringe projection prfilometry (FPP) has be

come a classic optical 3D sensing method thanks to its distinguishing 
characteristics in high precision, ful-field measurement, and high res

olution. In FPP, the projected fringe patterns are modulated by the 
object prfiles and handled to restore the desired phase distribution 
associated with the tested surfaces using various fringe pattern anal

ysis methods [17--23]. The spatial phase-demodulation (SPD) method, 
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as the most efficient fringe analysis technique, has access to the phase 
retrieval of a single-frame fringe. However, such methods usually yield 
low-quality coarse phases due to the spectrum overlapping, which lim

its their measurement precision for dynamic 3D acquisition. Different 
from SPD methods, phase-shifting (PS) approaches achieve pixel-wise 
and high-accuracy phase measurements unaffected by ambient lighting, 
but requires at least three fringe patterns theoretically. In addition, both 
methods perform the arctangent function for phase recovery, bringing 
the obtained wrapped phases with 2𝜋 phase jumps. Consequently, phase 
unwrapping is a key procedure in FPP to remove the ambiguities of the 
wrapped phases and actualize absolute 3D measurement.

These existing phase unwrapping approaches can be divided into 
three basic classfications: spatial phase unwrapping [24--27], tempo

ral phase unwrapping (TPU) [28--33], and stereo phase unwrapping 
[34--41], where additional patterns or more constraints need to be uti

lized for phase unwrapping to achieve absolute 3D measurement. The 
fundamental assumption made by spatial phase unwrapping is that the 
phase maps to be unwrapped have a global continuity. Consequently, 
this assumption does not hold at disjunct prfiles or abrupt depth with 
phase changes greater than 2𝜋, causing final measurement results with 
continuity artifacts and depth ambiguities.

To overcome this challenge, TPU methods are exploited to real

ize pixel-by-pixel absolute phase recovery through the temporal study 
of multiple sets of wrapped phases with different frequencies. Three 
representational algorithms fall into TPU: multi-frequency approach 
[42,43], multi-wavelength approach [44,45], and number-theoretical 
approach [46--48]. In multi-frequency approach, since the single

frequency wrapped phase is also a continuous and absolute phase, it 
can be utilized to directly unwrap high-frequency phases according to 
the relation between their frequencies. In the presence of systematic er

rors and other random noises during experiments, its high-frequency 
phase unwrapping capability is severely restricted, resulting in limited 
3D measurement accuracy. Therefore, it generally requires an extra 
group of fringe patterns with intermediate frequencies to unwrap the 
phase map with the higher frequency, albeit at the cost of an extended 
projected pattern sequence. Similarly, multi-wavelength approach han

dles two sets of wrapped phases with close wavelengths to synthesize 
a beat-frequency phase with a larger wavelength (the frequency is less 
than 1). It can be found that multi-wavelength approach generates a 
fundamental absolute phase in another way for high-frequency phase 
unwrapping. Different from the two methods above, number-theoretical 
approach adopts two sets of wrapped phases with a mutually prime re

lationship between wavelengths to encode the periodic order of the 
phases, realizing efficient absolute phase unwrapping through a lookup 
table. The least common multiple of the wavelengths of two sets of fringe 
patterns determines the unambiguous range of absolute phase unwrap

ping. Therefore, how to determine the bi-frequency fringe scheme to 
achieve high-frequency phase unwrapping in a global range is an is
sue of concern. Furthermore, the success rate and noise resistance of 
three TPU methods are analyzed according to a schematic statistical 
noise model that the multi-frequency method has excellent phase un

wrapping performance, but the multi-wavelength method is severely 
affected by noise [29].

In addition, by pre-setting the measurement range of FPP systems, 
depth constraint can be utilized to eliminate the phase ambiguities lo

cated outside the 3D measurement volume, enhancing the performance 
of phase unwrapping. Following this idea, An et al. [49] manually cre

ated an absolute phase Φ𝑚𝑖𝑛 located at a suppositional depth plane as 
the reference phase to actualize pixel-wise phase unwrapping of high

frequency phases within a strict depth range (approximately 58 mm). 
Afterward, Hyun et al. [50,51] exploited the minimum phase constraint 
to multi-frequency approach and step-coding method to elevate the fre

quency of low-frequency phases [50] or the step signal [51], thereby 
improving the measurement accuracy using the phases with higher fre

quency. However, to maintain the phase unwrapping reliability, the 
period of high-frequency phases is generally restricted to about 30 pix

els. Duan et al. [52] reported an adaptive phase unwrapping technique 
within an unlimited depth range to achieve absolute phase unwrapping 
of isolated objects through some edge detection and object detection al

gorithms. But, it may not be applicable to complex scenes, such as two 
objects that are separated in depth but occlude each other on the imag

ing plane.

On the other hand, for stereo phase unwrapping, an additional 
auxiliary camera is introduced to directly recover high-frequency ab

solute phases by utilizing the geometric constraint in stereo vision 
[34,36,40,53,54]. Weise et al. [34] introduced the geometric constraint 
into a dual-camera FPP system, which achieved dynamic 3D reconstruc

tion of the human body using 3-step phase-shifting fringe patterns. Li 
et al. [36] exploited the trifocal tensor constraint to independently de

termine for homologous points with similar phases of each valid pixel, 
achieving dynamic 3D measurement of complex scenes. While ensuring 
the stability of stereo phase unwrapping, the period of high-frequency 
fringes is generally around 20, compromising the 3D measurement accu

racy. It is easy to understand that introducing multi-view geometric con

straints using more cameras removes the ambiguities of high-frequency 
phases thoroughly. Following this idea, Peng et al. [53] utilized mul

tiple phase consistency checks between three cameras to fufill high

accuracy 3D imaging. Tao et al. [40] built a quad-camera FPP system 
based on position optimization, and a weighted phase difference scheme 
between multiple perspectives is present to acquire high-frequency ab

solute phases with 48 periods.

Additionally, the prerequisite for stereo phase unwrapping is the 
projector calibration. The mainstream projector calibration methods 
[55,56] regard the projector as an inverse camera and establish the im

age transformation between the camera and the projector with the aid 
of a series of horizontal and vertical fringe patterns, which is highly suit

able for FFP systems based on digital light processing (DLP) projectors. 
As the core component of FPP systems, DLP projectors are commonly 
used to project high-quality fringe patterns for high-accuracy 3D mea

surement, but their characteristics of high cost and low optical power 
bring unparalleled challenges to portable and long-range 3D imaging. 
Different from DLP projectors, electrostatically driven MEMS projectors, 
which have the advantages of miniaturization and high intensity, op

erate MEMS galvanometers with a high-frequency resonant motion to 
rflect the incident 1D line laser, enabling high-speed 1D scanning pro

jection of uni-directional fringe patterns. However, MEMS-based FPP 
systems often suffer from the low accuracy and complex process of ex

isting projector calibration methods based on the phase-height model 
[57,58]. In addition, the initial phase of the MEMS scanning mirror 
may change over time due to temperature drift, which severely reduces 
the projector calibration accuracy and deteriorates the 3D reconstruc

tion quality [59]. In this paper, we introduced the reference phases into 
traditional number-theoretical TPU to achieve fast and long-range 3D 
shape measurement based on a MEMS projector. With the aid of the op

timal bi-frequency fringe scheme, the proposed method enables more 
accurate and efficient absolute phase unwrapping of the high-frequency 
fringes with 64 periods within a larger depth range without the projec

tor calibration. Further, the performance of three groups of classical TPU 
algorithms using the reference phases is analyzed under both simula

tion and experimental conditions. Experiments proved that the proposed 
method enhances the phase unwrapping performance in terms of noise 
resistance and depth range compared with multi-frequency approach 
and multi-wavelength approach using the reference phases, achieving 
fast, accurate, and long-distance 3D prfile measurement for complex 
scenes with many isolated objects.

2. Principle

2.1. Bi-frequency (3 + 2) phase-shifting algorithm

In this subsection, we will briefly introduce the bi-frequency phase

shifting (PS) algorithm to achieve high-frequency and low-frequency 
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phase retrieval for fast absolute 3D measurement [21]. High-frequency 
fringe images 𝐼𝐻

𝑛
based on conventional three-step PS methods are first 

captured:

𝐼𝐻
𝑛

=𝐴𝐻 +𝐵𝐻 cos(Φ𝐻 − 2𝑛𝜋∕3), (1)

where 𝐴𝐻 , 𝐵𝐻 , and Φ𝐻 are the average intensity, the intensity modu

lation, and the phase distribution of high-frequency fringes, and 𝑛 rep

resents the phase-shifting index 𝑛 = 0,1,2. For PS methods, the wrapped 
phase map 𝜙𝐻 and two by-products (𝐴𝐻 , 𝐵𝐻 ) can be obtained:

𝜙𝐻 = tan−1
∑2

𝑛=0 𝐼
𝐻
𝑛

sin(2𝑛𝜋∕3) ∑2
𝑛=0 𝐼

𝐻
𝑛

cos(2𝑛𝜋∕3)
, (2)

𝐴𝐻 = 1
3

2 ∑
𝑛=0 

𝐼𝐻
𝑛
, (3)

𝐵𝐻 = 1
2

√√√√√[ 2 ∑
𝑛=0 

𝐼𝐻
𝑛

sin 2𝑛𝜋
3 

]2

+

[ 2 ∑
𝑛=0 

𝐼𝐻
𝑛

cos 2𝑛𝜋
3 

]2

. (4)

For the bi-frequency PS algorithm, suppose the average intensity of the 
collected fringes remains constant during a single 3D measurement, low

frequency fringe images have the same 𝐴𝐻 as the high-frequency ones:

𝐼𝐿
1 =𝐴𝐻 +𝐵𝐿 sin(Φ𝐿), (5)

𝐼𝐿
2 =𝐴𝐻 +𝐵𝐿 cos(Φ𝐿). (6)

Then, the low-frequency wrapped phase map 𝜙𝐿 can be calculated:

𝜙𝐿 = tan−1
𝐼𝐿
1 −𝐴𝐻

𝐼𝐿
2 −𝐴𝐻

. (7)

In the bi-frequency PS algorithm, two wrapped phases with different 
frequencies are demodulated using only five fringe patterns and further 
unwrapped using different temporal phase unwrapping methods.

2.2. Number-theoretical temporal phase unwrapping using the reference 
phases

Since PS algorithms adopt the arctangent function for phase mea

surement in Eqs. (2) and (7), the extracted phases have a 2 𝜋 phase 
jump:

Φ𝐻 = 𝜙𝐻 + 2𝜋𝑘𝐻, (8)

Φ𝐿 = 𝜙𝐿 + 2𝜋𝑘𝐿, (9)

and the relationship is linked inherently:

Φ𝐻 = 𝜆𝐿

𝜆𝐻
Φ𝐿, (10)

where Φ𝐻 and Φ𝐿 are the high-frequency and low-frequency abso

lute phases, 𝑘𝐻 , 𝑘𝐿, 𝜆𝐻 , and 𝜆𝐿 are the corresponding fringe orders 
and wavelengths. Based on the principle of number-theoretical tempo

ral phase unwrapping [30,48,60], according to Eqs. (8)-(10), 𝑘𝐻 and 
𝑘𝐿 can be calculated by the following formula:

𝜆𝐿𝜙𝐿 − 𝜆𝐻𝜙𝐻

2𝜋
= 𝜆𝐻𝑘𝐻 − 𝜆𝐿𝑘𝐿. (11)

Since two phases 𝜙𝐻 and 𝜙𝐿 both change periodically ranging from 0
to 2𝜋 on different wavelengths, the value of 𝜆𝐿𝜙𝐿 − 𝜆𝐻𝜙𝐻 is unique 
within the scope 𝐿𝐶𝑀(𝜆𝐻 ,𝜆𝐿). 𝐿𝐶𝑀(𝜆𝐻 ,𝜆𝐿) outputs the least com

mon multiple for its input parameters. In addition, due to the integer 
type of 𝑘𝐻 and 𝑘𝐿, Eq. (11) can be rewritten as:

𝑅𝑜𝑢𝑛𝑑(𝜆
𝐿𝜙𝐿 − 𝜆𝐻𝜙𝐻

2𝜋
) = 𝜆𝐻𝑘𝐻 − 𝜆𝐿𝑘𝐿, (12)

where a unique combination (𝑘𝐻 ,𝑘𝐿) can be directly looked up ac

cording to 𝑅𝑜𝑢𝑛𝑑( 𝜆
𝐿𝜙𝐿−𝜆𝐻𝜙𝐻

2𝜋 ), thereby achieving absolute phase un

wrapping within the scope 𝐿𝐶𝑀(𝜆𝐻 ,𝜆𝐿). And 𝑘𝑖 ranges from 0 to 
𝑝𝑖 − 1(𝑖 =𝐿,𝐻):

𝑅𝑜𝑢𝑛𝑑(𝑝
𝐻𝜙𝐿 − 𝑝𝐿𝜙𝐻

2𝜋
) = 𝑝𝐿𝑘𝐻 − 𝑝𝐻𝑘𝐿, (13)

𝑝𝐻 =𝐿𝐶𝑀(𝜆𝐻 ,𝜆𝐿)∕𝜆𝐻 , (14)

𝑝𝐿 =𝐿𝐶𝑀(𝜆𝐻 ,𝜆𝐿)∕𝜆𝐿, (15)

where 𝑝𝐻 and 𝑝𝐿 stand for the period number of fringes with the 
corresponding wavelengths in the unambiguous scope 𝐿𝐶𝑀(𝜆𝐻,𝜆𝐿). 
In traditional number-theoretical TPU, the bi-frequency fringe scheme 
needs to be meticulously determined to satisfy 𝐿𝐶𝑀 (𝜆𝐻 ,𝜆𝐿) ≥𝑊 for 
unwrapping the high-frequency phase globally, where 𝑊 is the hori

zontal resolution of projected patterns. However, this limitation leads 
to an increase in the wavelengths of bi-frequency fringes, reducing its 
3D accuracy.

To solve the issue above, the reference phases based on depth con

straint are brought in number-theoretical TPU to achieve more accurate 
and efficient absolute phase unwrapping with higher frequency. In the 
proposed method, the built FPP-based 3D imaging system is first moved 
along the Z-axis to collect absolute phases of the reference plane at 
the specific depth 𝑍𝑟𝑒𝑓 , such as the nearest and farthest boundaries of 
the whole measurement volume as shown in Fig. 1. Suppose the mea

surement range of our FPP system is [𝑍𝑚𝑖𝑛,𝑍𝑚𝑎𝑥], due to the linear 
dependence between the absolute phase Φ𝐻

𝑟𝑒𝑓
and the measured 𝑍𝑟𝑒𝑓

[30,40], the range of Φ𝐻
𝑟𝑒𝑓

can be dfined as:

Φ𝐻
𝑚𝑖𝑛

≤Φ𝐻
𝑟𝑒𝑓

≤Φ𝐻
𝑚𝑎𝑥

, (16)

where Φ𝐻
𝑚𝑎𝑥

and Φ𝐻
𝑚𝑖𝑛

are the reference phases obtained using a series 
of multi-step phase-shifting fringe images and multi-frequency TPU ap

proach. According to Eqs. (8) and (16), the range of 𝑘𝐻 can be further 
determined:

𝐶𝑒𝑖𝑙(
Φ𝐻

𝑚𝑖𝑛
− 𝜙𝐻

2𝜋
) ≤ 𝑘𝐻 ≤ 𝐹 𝑙𝑜𝑜𝑟(

Φ𝐻
𝑚𝑎𝑥

− 𝜙𝐻

2𝜋
). (17)

It can be found that the range of 𝑘𝐻 is narrowed from [0, 𝑝𝑖 − 1]

to [𝐶𝑒𝑖𝑙( Φ
𝐻
𝑚𝑖𝑛

−𝜙𝐻

2𝜋 ), 𝐹 𝑙𝑜𝑜𝑟( Φ
𝐻
𝑚𝑎𝑥−𝜙

𝐻

2𝜋 )] using the reference phases based 
on depth constraint, which means that the phase ambiguities to be 
eliminated are significantly reduced based on Eq. (17). Therefore, for 
number-theoretical TPU using the reference phases, the requirement of 
the unambiguous scope 𝐿𝐶𝑀(𝜆𝐻 ,𝜆𝐿) can be adjusted from the global 
range to the local range:

𝐿𝐶𝑀(𝜆𝐻 ,𝜆𝐿) ≥ (𝑘𝐻
𝑚𝑎𝑥

− 𝑘𝐻
𝑚𝑖𝑛

)𝜆𝐻 . (18)

The proposed method can elevate the frequencies of dual-frequency 
fringes and realize high-frequency phase unwrapping, enabling high

precision 3D reconstruction.

2.3. Simulation for three groups of classical TPU algorithms using the 
reference phases

For FPP, typical temporal phase unwrapping (TPU) methods in

clude multi-frequency approach (MF-TPU) [42,43], multi-wavelength 
approach (MW-TPU) [44,45], and number-theoretical approach (NT

TPU) [46--48]. The unwrapping performance of these TPU algorithms 
has been analyzed and discussed under the same noise conditions that 
MF-TPU can provide the highest unwrapping reliability and the best 
noise robustness [29]. However, for these three groups of TPU algo

rithms using the reference phases, the final conclusions they arrived 
at may be completely different. Here, the performance of TPU meth

ods will be compared by calculating the correctness of the recovered 
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Fig. 1. Overview of 3D shape measurement using reference-phase-based NT-TPU with a MEMS projector. (a) Photograph of the developed 3D imaging sensor (MEMS

3D) with a MEMS projector. (b) The diagram of the proposed NT-TPU using the reference phases. (c) The flowchart of 3D reconstruction using the proposed method.

high-frequency fringe orders. Similar to Eq. (13), all three TPU meth

ods calculate the orders of high-frequency phases through the general 
weighted difference of the bi-frequency phases:

𝑘𝐻 ⇐𝑅𝑜𝑢𝑛𝑑(𝛼𝜙
𝐿 − 𝛽𝜙𝐻

2𝜋
), (19)

where 𝛼 and 𝛽 are varied with different TPU methods:⎧⎪⎨⎪⎩
𝛼 = 𝜆𝐿∕𝜆𝐻 , 𝛽 = 1; for MF-TPU
𝛼 = − 𝜆𝐿

𝜆𝐿−𝜆𝐻 , 𝛽 = − 𝜆𝐻

𝜆𝐿−𝜆𝐻 ; for MW-TPU
𝛼 = 𝐿𝐶𝑀(𝜆𝐻 ,𝜆𝐿)

𝜆𝐻
, 𝛽 = 𝐿𝐶𝑀(𝜆𝐻 ,𝜆𝐿)

𝜆𝐿
; for NT-TPU

(20)

Once the reference phases based on depth constraint are introduced into 
MF-TPU, the low-frequency ones in the bi-frequency fringe scheme will 
no longer be 1, and its periodic order is limited to the range:

𝑘𝐿
𝑚𝑖𝑛

≤ 𝑘𝐿 ≤ 𝑘𝐿
𝑚𝑎𝑥

. (21)

To enable the unambiguous low-frequency phase unwrapping theoreti

cally, the reference phases need to meet the following requirements:

𝑘𝐿 = 𝑘𝐿
𝑚𝑖𝑛

= 𝑘𝐿
𝑚𝑎𝑥

. (22)

Φ𝐿
𝑚𝑎𝑥

−Φ𝐿
𝑚𝑖𝑛

< 2𝜋. (23)

Based on Eqs. (22) and (23), the low-frequency phase 𝜙𝐿 can be suc

cessfully unwrapped with the aid of the reference phases based on an 
eligible depth range. While ensuring the stability of phase unwrapping 

and an acceptable measurement range, the frequency of 𝜙𝐿 is generally 
limited to about 8.

On the other hand, for MW-TPU using the reference phases, a beat

frequency phase is first synthesized by calculating the difference be

tween bi-frequency phases:

𝜙𝑏𝑒𝑎𝑡 = 𝜙𝐻 − 𝜙𝐿, (24)

𝜆𝑏𝑒𝑎𝑡 = 𝜆𝐿𝜆𝐻

𝜆𝐿 − 𝜆𝐻
, (25)

The synthetic phase 𝜙𝑏𝑒𝑎𝑡 is widely regarded as an unambiguous phase to 
unwrap high-frequency phases. Like MF-TPU, the reference phases are 
used to unwrap the synthetic phase 𝜙𝑏𝑒𝑎𝑡 with higher frequency, which 
in turn enables absolute measurement of the high-frequency phase. 
Therefore, the reference phases in MW-TPU have similar constraints as 
that in MF-TPU.

Different from the two TPU methods above, two sets of wrapped 
phases with relatively prime wavelengths are utilized to encode their 
periodic orders in NT-TPU. The reference phases limit the periodic order 
of high-frequency phases to the following range:

𝑘𝐻
𝑚𝑖𝑛

≤ 𝑘𝐻 ≤ 𝑘𝐻
𝑚𝑎𝑥

. (26)

How to search the optimal scheme of the bi-frequency fringes is our main 
concern for enhancing the performance of NT-TPU using the reference 
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Table 1
Bi-frequency schemes based on different TPU methods us

ing the reference phases.

Parameters MF-TPU MW-TPU NT-TPU 
𝜆𝐻 19 pixels 19 pixels 19 pixels 
𝜆𝐿 228 pixels 22 pixels 63 pixels 
𝐿𝑟𝑎𝑛𝑔𝑒 228 pixels 139.33 pixels 190 pixels 
Δ𝜙 19 𝜋∕247 rad 3 𝜋∕41 rad 3𝜋∕41 rad 

phases. According to Eq. (13), the overall phase error Δ𝜙 of NT-TPU 
can be obtained:

𝑝𝐻Δ𝜙𝐿 − 𝑝𝐿Δ𝜙𝐻

2𝜋
=Δ𝜙

𝑝𝐻 + 𝑝𝐿

2𝜋
, (27)

where Δ𝜙𝐿 and Δ𝜙𝐻 represent the phase errors of 𝜙𝐿 and 𝜙𝐻 , and Δ𝜙

is the maximum between Δ𝜙𝐿 and Δ𝜙𝐻 . And then, the range of Δ𝜙 can 
be derived to avoid phase unwrapping errors [30]:

Δ𝜙
𝑝𝐻 + 𝑝𝐿

2𝜋
< 0.5𝐺𝑚𝑖𝑛, (28)

Δ𝜙 <
𝜋

𝑝𝐻 + 𝑝𝐿
𝐺𝑚𝑖𝑛, (29)

where 𝐺𝑚𝑖𝑛 is the minimum gap of 𝑝𝐿𝑘𝐻 − 𝑝𝐻𝑘𝐿 within the predfined 
depth range based on Eq. (26). Subsequently, there is only one thing to 
maximize 𝜋

𝑝𝐻+𝑝𝐿 𝐺𝑚𝑖𝑛 by traversing all possible bi-frequency schemes.

To verify the performance of all three TPU methods using the refer

ence phases, we conducted a simulation experiment for absolute phase 
measurement of a planar target under different depth constraints. Ex

perimental parameters of bi-frequency schemes based on different TPU 
methods using the reference phases are shown in Table 1. In this sim

ulation, 𝑊 is 1216 pixels, which represents the horizontal resolution 
of projected patterns. The frequencies of the high-frequency phases in 
these three TPU methods are uniformly set to 64, and their wavelengths 
are 19 pixels. The depth constraint 𝐿𝑟𝑎𝑛𝑔𝑒 is the pixel range in the pro

jection plane converted from the depth range in the 3D imaging space. 
Since the range of the reference phases cannot exceed 2𝜋 in MF-TPU 
according to Eq. (23), the range of Δ𝜙 can be derived to avoid phase 
unwrapping errors, i.e., 𝜆𝐻

𝜆𝐿+𝜆𝐻 𝜋. To realize absolute phase unwrapping 
within a larger depth range, the wavelength of the low-frequency phase 
is set to 228 pixels as same as 𝐿𝑟𝑎𝑛𝑔𝑒, and the corresponding phase noise 
tolerance Δ𝜙 is 19 𝜋∕247 rad. In the same way, 𝐿𝑟𝑎𝑛𝑔𝑒 is set to the 
wavelength of the synthetic phase 𝜙𝑏𝑒𝑎𝑡 in MW-TPU, and the phase noise 
tolerance is inferred to 𝜆

𝐿−𝜆𝐻
𝜆𝐿+𝜆𝐻 𝜋. In order to achieve phase unwrapping 

performance comparable to that of MF-TPU, the low-frequency wave

length of MW-TPU is set to 22 pixels, and Δ𝜙 is 3 𝜋∕41 rad. Therefore, 
the wavelength of the synthetic phase 𝜙𝑏𝑒𝑎𝑡 is 139.33 pixels as same as 
𝐿𝑟𝑎𝑛𝑔𝑒.

For NT-TPU using the reference phases, the search strategy of the op

timal bi-frequency fringes is utilized to traverse all possible bi-frequency 
combinations to maximize the noise tolerance of phase unwrapping. 
Specifically, it is necessary to determine the unambiguous measurement 
range and the noise tolerance of each bi-frequency fringe combination 
with different low-frequency wavelengths. Take 𝜆𝐻 = 19 pixels and 𝜆𝐿
= 63 pixels as an example, the distribution of 𝑝𝐿𝑘𝐻 − 𝑝𝐻𝑘𝐿 is first cal

culated based on Eq. (13) and plotted as shown in Fig. 2. Fig. 2(a) shows 
that the theoretical unambiguous range of this combination is 1197 pix

els, but once the phase error Δ𝜙 is greater than 𝜋

𝑝𝐻+𝑝𝐿 causing phase 
unwrapping errors, which demonstrates high sensitivity of NT-TPU to 
noise. Further, as shown in the magnfied view of Fig. 2(b), the dis

tribution of 𝑝𝐿𝑘𝐻 − 𝑝𝐻𝑘𝐿 appears an obvious periodic change with a 
narrower wavelength. Once the unambiguous range is determined to be 
190 pixels, the minimum gap 𝐺𝑚𝑖𝑛 is 6 within the local depth scope, 
and the corresponding noise tolerance of phase unwrapping Δ𝜙 will be 
raised from 𝜋∕82 rad to 3𝜋∕41 rad.

Fig. 2. The specific process of the search strategy of the optimal bi-frequency 
fringes. (a) The distribution of 𝑝𝐿𝑘𝐻 − 𝑝𝐻𝑘𝐿 for 𝜆𝐻 = 19 pixels and 𝜆𝐿 = 63 
pixels. (b) The magnfied view of the distribution.

Secondly, Fig. 3 shows the simulation results of phase unwrapping 
for three TPU approaches using the reference phases. In order to quan

titatively calculate the phase unwrapping accuracy, the error rates are 
calculated for the absolute phases with noise under different depth 
constraints compared with the noise-free ground truth. Based on the 
noise model of phase-shifting prfilometry [29], the variance of abso

lute phase error corresponding to fringe patterns has positive correlation 
with the noise variance and inversely related to the square of the fringe 
frequency and the phase-shifting step. Specifically, the phase noises with 
different variances acted on high-frequency and low-frequency phases in 
different TPU approaches to analyze the absolute phase reconstruction 
quality under different noise levels. As shown in Figs. 3(a) and (d), as 
the noise level increases, the reconstructed phases of MF-TPU in a larger 
depth range are deteriorated by phase noise, with a substantial increase 
in the error rates of phase unwrapping from 0.7617% to 5.6097%. It 
demonstrates that MF-TPU is incapable of achieving global phase un

wrapping within a larger depth scope due to its inherent limitations 
based on Eq. (23). In Figs. 3(b) and (e), it is evident that MW-TPU is 
able to achieve global and unambiguous phase unwrapping, but at the 
expense of a narrower measurement range compared with MF-TPU. Dif

ferent from MF-TPU and MW-TPU, NT-TPU significantly expands the 
depth constraint to 190 pixels, while achieving global phase unwrap

ping with a comparable error rate (0.0928% and 0.5317%) as shown 
in Figs. 3(c) and (f). The simulation results of phase unwrapping con

firm that the optimal bi-frequency scheme is crucial to enhance the 
high-frequency phase unwrapping performance of NT-TPU using the 
reference phases, enabling efficient, long-range, and high-precision 3D 
shape measurement.

3. Experiments

To assess the 3D imaging performance of the proposed NT-TPU 
method using the reference phases, two miniaturized 3D sensors with 
different geometric parameters have been developed to achieve fast, 
wid-field-of-view, and high-precision 3D measurements for various ap
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Fig. 3. The simulation results of phase unwrapping for different TPU approaches (𝜆𝐻 = 19 pixels) using the reference phases. (a) and (d) MF-TPU approach (𝜆𝐿 = 
228 pixels) under different noise levels. (b) and (e) MW-TPU approach (𝜆𝐿 = 22 pixels) under different noise levels. (c) and (f) NT-TPU approach (𝜆𝐿 = 63 pixels) 
under different noise levels.

plication scenarios. Both of these two 3D sensors are mainly composed 
of two CMOS monochrome cameras and a MEMS-based blue light pro

jector with a resolution of 1 × 1024 pixels. The electrostatically driven 
MEMS projector has the advantages of miniaturization and high in

tensity, which can actualize high-speed 1D scanning projection of bi

frequency (3 + 2) fringe patterns at a projection rate of up to 1,200 FPS. 
In addition, two 3D sensors (named MEMS-3D and MEMS-3D-Nano) 
adopt different combinations of CMOS cameras and lenses to perceive 
3D targets located at different distances. For the long-range 3D sensor 
(MEMS-3D), two CMOS cameras (Sony IMX265) with a resolution of 
2048×1536 pixels are equipped with the 12 mm (focal length) lens, and 
their baseline is approximately 0.4 m to measure objects within a depth 
range of 1.0 m to 3.0 m, where the predfined disparity range is cofig

ured to -250 to 690 pixels. To achieve fast and nea-field 3D imaging, 
for the miniaturized 3D sensor (MEMS-3D-Nano) with a narrow base

line of 0.1 m, two CMOS cameras (Smartsens SC130GS) are executed to 
collect stereo fringe images with a SXGA resolution (1280 × 1024 pix

els) at 100 Hz. The disparity range of the developed 3D imaging sensor 
(MEMS-3D-Nano) is cofigured as -160 pixels to 80 pixels to enable 3D 
scene measurement ranging from 0.4 m to 1.3 m at 20 FPS.

3.1. Long-range 3D reconstruction of complex targets

First of all, two isolated large-scale objects are measured by our 3D 
sensor (MEMS-3D) to describe the 3D imaging process of NT-TPU us

ing the reference phases, showcasing its advanced capability of efficient 
and long-distance 3D measurement. The scene to be measured consists 
of a Lu Xun plaster located at 1.1 m (the nearest position) and a geo

metric model at the farthest end of the whole measurement space, and 
the corresponding fringe images of left camera are revealed in Fig. 4
(a). However, as the measurement distance increases, our 3D sensor 
is unable to simultaneously capture high-quality fringe patterns of two 
objects at different distances through only a single exposure. As demon

strated in Figs. 4 (a)-(c) and (e)-(g), a hybrid 3D imaging strategy utiliz

ing the double exposure is employed to accurately retrieve bi-frequency 
wrapped phases of the Lu Xun and the geometric model, respectively. 
In our approach, the high-precision and dense absolute phases of the 

reference planes positioned at 1 m and 3 m are pre-collected by com

bining N-step PSP and MF-TPU algorithms. According to Eq. (17), the 
reference phases are introduced into traditional number-theoretical TPU 
to significantly reduce the search range of its phase period, thus en

abling pixel-wise absolute phase unwrapping. When the exposure time 
of the stereo camera is cofigured to 10 ms, the absolute phase distri

bution of the Lu Xun model can be reliably recovered, but the geometry 
still has non-negligible fringe order errors as shown in the magnfied re

gion of Fig. 4 (d). After gradually increasing the exposure time to 50 ms 
for enhancing the phase quality of the geometric model in Fig. 4 (h), 
the phase maps with different exposure times can be effectively fused 
based on the phase modulation, thereby achieving global and unambigu

ous phase unwrapping as shown in Fig. 4 (i). Once the mixed absolute 
phases from left and right cameras are obtained, stereo phase match

ing based on geometric constraints is executed to output the disparity 
map in Fig. 4 (j). Subsequently, the disparity data is reconstructed to 
final 3D measurement results with high completeness within a larger 
depth scope, demonstrating the ability of the proposed method to real

ize long-distance and high-precision 3D imaging for large-sized complex 
surfaces.

Next, MF-TPU and MW-TPU approaches using the reference phases 
are exploited to reconstruct the same target scene for verifying the con

clusion of the simulation above. After adjusting the distance between the 
3D sensor and the geometric model, Figs. 5 and 6 showed that it is impos

sible to directly unwrap the low-frequency phase in MF-TPU or the syn

thetic phase in MW-TPU using the depth constraints when the geometric 
model is at 2.3 m or 1.9 m. Experimental results show that as the mea

surement distance increases, MF-TPU is affected by low-frequency phase 
noises and cannot achieve reliable absolute phase unwrapping, while 
MW-TPU is limited by its inherent defects for long-distance 3D measure

ment. According to the experimental parameters of bi-frequency fringe 
schemes in Table 1, the unambiguous measurement range of NT-TPU 
is about 1.36 times that of MW-TPU in the projection plane. Since the 
MEMS projector was not calibrated, the disparity range between the left 
and right cameras can be used to demonstrate the measurement range. 
For the developed 3D sensor (MEMS-3D), the 3D measurement range 
that NT-TPU can achieve is 1 m to 3 m, the corresponding disparity 
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Fig. 4. Long-range 3D measurement results of complex targets for NT-TPU using the reference phases. (a)-(c) Bi-frequency (3 + 2) fringe images and the corresponding 
bi-frequency wrapped phases from the left camera with an exposure time of 10 ms. (d) The absolute phase map of (c). (e)-(g) Bi-frequency (3 + 2) fringe images and 
the corresponding bi-frequency wrapped phases from the left camera with an exposure time of 50 ms. (h) The absolute phase map of (g). (i) The mixed absolute 
phase using (d) and (h). (j) The disparity map output by stereo phase matching. (k) 3D reconstruction results of (j).

Fig. 5. Long-range 3D measurement results of complex targets for MF-TPU using the reference phases. (a)-(b) Low-frequency wrapped phase and the corresponding 
absolute phase obtained using the reference phases from the left camera with an exposure time of 10 ms. (c)-(d) High-frequency wrapped phase and the corresponding 
absolute phase using MF-TPU. (e)-(f) Low-frequency wrapped phase and the corresponding absolute phase obtained using the reference phases from the left camera 
with an exposure time of 45 ms. (g)-(h) High-frequency wrapped phase and the corresponding absolute phase using MF-TPU. (i) The mixed absolute phase using (d) 
and (h). (j) The disparity map output by stereo phase matching. (k) 3D reconstruction results of (j).
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Fig. 6. Long-range 3D measurement results of complex targets for MW-TPU using the reference phases. (a)-(b) Synthetic wrapped phase and the corresponding 
absolute phase obtained using the reference phases from the left camera with an exposure time of 10 ms. (c)-(d) High-frequency wrapped phase and the corresponding 
absolute phase using MW-TPU. (e)-(f) Synthetic wrapped phase and the corresponding absolute phase obtained using the reference phases from the left camera with 
an exposure time of 25 ms. (g)-(h) High-frequency wrapped phase and the corresponding absolute phase using MW-TPU. (i) The mixed absolute phase using (d) and 
(h). (j) The disparity map output by stereo phase matching. (k) 3D reconstruction results of (j).

range is -250 pixels to 690 pixels, and the absolute disparity range is 
941 pixels. Similarly, the measurement range of MW-TPU corresponds 
to a disparity range of 23 pixels to 690 pixels, and its absolute disparity 
range is 668 pixels. Therefore, the measured disparity range of NT-TPU 
is approximately 1.41 times that of MW-TPU, which is consistent with 
the experimental parameters in Table 1. Since the disparity changes less 
with increasing depth distance, the valid measuring range of NT-TPU is 
about twice that of MW-TPU in the depth plane. Finally, the experimen

tal results similar to those of the simulation once again prove that the 
proposed method is capable of actualizing efficient and high-precision 
absolute 3D measurement within the large depth scope ranging from 
1.0 m to 3.0 m, significantly enhancing the long-distance 3D imaging 
capability of existing methods using the reference phases.

On the other hand, we additionally provided a set of 3D mea

surement results of the rolled steels to test and verify the practica

bility of our 3D sensors in industrial scenarios. Long-distance, wide

field-of-view, and high-dynamic-range 3D imaging of large-scale and 
high-reflective industrial parts is crucial for automated feeding and 
blanking applications in intelligent manufacturing. Similarly, we ex

tend the multi-exposure phase fusion strategy to adaptively synthesize 
the non-overexposed fringes in different areas as shown in Figs. 7(a)

(b), enabling high-completeness and high-precision 3D imaging of steels 
by capturing only 5 + 5 fringe images. These 3D reconstruction results 
demonstrate that our 3D sensors can be applied for high-quality and 
long-range 3D modeling of complex industrial structure parts as shown 
in Fig. 7(c).

3.2. Quantitative analysis of long-range 3D imaging accuracy

Thanks to the long detection capability of the MEMS projector 
equipped with an 8 W high-power laser, based on the developed 3D 
sensor (MEMS-3D), we conducted an experiment to quantitatively de

termine long-range 3D accuracy within the entire measurement volume. 

The test scene consists of a ceramic plane and a sphere pair with a di

ameter of 50.8 mm located at the depth scope ranging from 1.0 m to 
3.0 m. Fig. 8 (a) shows the color-coded 3D reconstruction results at 1.1 
m, and the precision analysis is carried out to obtain the correspond

ing 3D measurement errors for 50% valid areas of the measured targets 
by plane fitting and sphere fitting. Since the absolute phase of high

frequency fringe images with a wavelength of 19 pixels can be reliably 
recovered, the major measured errors of the plane and two spheres are 
less than 1 mm with the RMS of 0.1704 mm, 0.1339 mm, and 0.1459 
mm as shown in Fig. 8 (b), respectively. As the measured distance in

creases in Fig. 8 (c), whether the planes or spheres are measured, our 
3D sensor (MEMS-3D) can provide robust and high-precision 3D recon

struction results with a relative accuracy higher than 0.02% at 2.0 m 
and 0.04% at 3.0 m.

3.3. Fast 3D imaging of dynamic scenes

Different from the 3D sensor (MEMS-3D) dedicated to long-range 3D 
imaging, in Fig. 9(a), our miniaturized 3D sensor (MEMS-3D-Nano) is 
equipped with a high-performance ARM chip to process fringe images 
collected by high-speed CMOS cameras in real time, empowering fast 
3D imaging applications on mobile terminals. Last, our miniaturized 3D 
sensor is applied to validate its fast and accurate 3D shape measurement 
capability by recording a dynamic scene in Fig. 9, including a David plas

ter and a Lu Xun model moving along the Z axis. In this experiment, the 
stereo camera, whose exposure time is set to 10 ms, can capture the op

timal bi-frequency fringe images at 100 Hz for fast 3D imaging at 20 
FPS. Figs. 9 (b)-(d) shows high-frequency fringe images and the corre

sponding color-coded 3D reconstruction results at different time points. 
During the whole dynamic measurement, two objects located in the cen

ter of the tested scene move along the Z axis to the extremity of the 
default 3D measurement range. The David plaster moves forward about 
300 mm at a speed of 6 mm/s, while the Lu Xun model moves about 200 
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Fig. 7. Long-distance, wid-field-of-view, and high-dynamic-range 3D reconstruction of large-scale and high-reflective rolled steels. (a)-(b) High-frequency fringes 
with different exposure times of 3 ms and 20 ms. (c) 3D reconstruction results using the proposed method.

Fig. 8. Precision analysis for a ceramic plane and a sphere pair. (a)-(b) 3D reconstruction results using the proposed method, and the corresponding 3D measurement 
errors of the plane and spheres. (c) Precision analysis results of the plane and spheres at distances ranging from 1.0 m to 3.0 m.
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Fig. 9. Dynamic 3D measurement results including a David plaster and a Lu Xun model moving along the Z axis. (a) Photographs of the miniaturized 3D imaging 
sensor (MEMS-3D-Nano) with a MEMS projector. (b)-(d) High-frequency fringe images and the corresponding color-coded 3D reconstruction results at different time 
points.

mm in the reverse direction at 4 mm/s. The whole 3D reconstruction re

sults can be found in Visualization 1. As the David plaster approaches 
the viewer, our sensor can output real-time 3D reconstruction results 
with high performance in the field of measurement resolution and ac

curacy. On the contrary, as the Lu Xun model gradually moves away 
from our 3D sensor, the contrast of the captured fringes decreases due 
to the fixed and short exposure time, resulting in the deteriorated qual

ity of 3D reconstruction. The noise resistance of the proposed method 
is proved indirectly that it still achieves stable phase unwrapping to en

sure high-integrity 3D measurement even in the presence of large phase 
errors. The reconstructed 3D point clouds at different time points show 
that our method can simultaneously and completely measure the 3D 
prfiles of two isolated objects as they move away from each other.

4. Conclusions and discussion

In this work, we presented a fast and long-range 3D shape mea

surement method based on NT-TPU using the reference phases with a 
MEMS projector. The reference phases based on depth constraint are 
first introduced to adjust the phase ambiguities of number-theoretical 
approach from the traditional global scope to the local range, enabling 
absolute phase unwrapping of high-frequency fringes. Through model

ing and analyzing the phase unwrapping performance of three classical 
TPU methods using the reference phases, an optimal bi-frequency fringe 
strategy is utilized to maximize the noise tolerance of phase unwrap

ping and increase the unambiguous 3D measurement range. Simulation 
results show that our method can achieve global and robust phase un

wrapping over a larger depth range compared with MF-TPU and MW

TPU. Based on the proposed method, we developed two 3D sensors 
(named MEMS-3D and MEMS-3D-Nano) equipped with high-power and 
miniaturized MEMS projectors to actualize fast, wid-field-of-view, and 
high-precision 3D imaging for intelligent laser welding and 3D vision

guided robotic inspection. The long-distance measurement of two iso

lated large-sized objects verfies that our 3D sensor (MEMS-3D) can 
achieve high-e˙iciency 3D measurement in a large depth scope rang

ing from 1.0 m to 3.0 m using only 5 fringe patterns, while MF-TPU and 
MW-TPU using the reference phases cannot accurately reconstruct the 
target objects located at 2.3 m or 1.9 m, cofirming the effectiveness of 
the proposed method once again. The precision analysis for the recon

structed point clouds of a planar target and a pair of standard spheres at 
different distances demonstrates that our method, whether measuring 
the plane or sphere, fufills successfully robust and high-consistency 3D 
shape measurement with a relative accuracy higher than 0.02% at 2.0 
m and 0.04% at 3.0 m. Finally, our miniaturized 3D sensor (MEMS-3D

Nano) is exploited to record a 3D dynamic scene including two isolated 
objects moving along the Z axis, demonstrating its applicability for real

time and accurate 3D measurement with high completeness.

We have analyzed and discussed the 3D imaging performance based 
on NT-TPU using the reference phases and a MEMS projector. In the fu

ture, we will improve the measurement accuracy and efficiency of 3D 
sensors by combining the three-frequency NT-TPU method with the ref

erence phases. Further, the projection distance minimization algorithm 
[20] will be introduced to broaden the phase unambiguous range and 
enhance the noise tolerance, thus improving the reliability and measure

ment range of high-frequency phase unwrapping. On the other hand, 
how to hasten the computational efficiency of 3D imaging methods to 
run in real-time on general-purpose mobile platforms is our focus. Dif

ferent from customized hardware platforms such as ASIC/FPGA, we will 
work on developing a high-performance 3D imaging framework based 
on the OpenCL environment to enable miniaturized and portable 3D 
sensing applications on ARM-based embedded chips. In terms of the 
hardware of FPP systems, it is worth considering the impact of the pro

jector’s defocus effect on long-distance 3D measurement. Given that 
the depth of fields corresponding to projected fringes of different fre

quencies is different [61], the phase fusion technique of different high

frequency fringes can be used to achieve long-range 3D measurement. 
In addition, the optical power and stability of the MEMS projector still 
need to be further enhanced.
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