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Lens-free on-chip microscopy (LFOCM) has been widely utilized in digital pathology, drug screening,
point-of-care testing (POCT), and quantitative phase imaging (QPI) due to its high throughput imaging
capability and compactness. Initially, coherent laser sources were used in LFOCM to generate
interference fringes to reconstruct the intensity and phase information of an object. The use of partially
coherent light-emitting diodes (LEDs) in LFOCM offers a more portable and cost-effective alternative
to conventional coherent illumination sources. However, the coherence-gating effect from a relatively
low degree of coherence may cause a blur of high-frequency information in holograms, leading to an
inaccurate object recovery. Thus, we present a pixel-super-resolved lens-free quantitative phase
microscopy (PSR-LFQPM) with partially coherent illumination, which not only compensates for the
impact of low coherence without increasing the volume of the system but also suppresses the
theoretical Nyquist-Shannon sampling resolution limit imposed by the sensor pixel size (0.9 μm).
Based on the partially coherent imaging model, we integrate the spatial coherence transfer function
(SCTF) obtained from the pre-calibrated LED source distribution during the iteration process to obtain
an accurate high-resolution recovery. Applying PSR-LFQPM to image living HeLa cells in vitro, we
achieve real-time dynamic high-throughput QPI performance (half-pitch resolution of 780 nm with a
1.41-fold improvement compared to resultswithout considering theeffect of coherence) across awide
FOV (19.53mm2). Theproposedmethodprovides a compact, low-cost, andhigh-throughput lens-free
on-chip microscopy system for biomedical and POCT applications.

Quantitative phase imaging (QPI) is an invaluable tool for biomedical
research thanks to its unique capabilitie for long-term in vivo imaging1–3

without the need for specific labeling4,5. QPI has been successfully used in
optical microscopy for several decades often with modified microscope
systems, such as digital holography (DH)6–9, phase shifting
interferometry10,11, transport-of-intensity equation (TIE)1,12,13, differential
phase contrast (DPC)14,15. However, the space-bandwidth product (SBP) of
conventional optical microscopes is fundamentally limited by their optical
configurations, leading to a trade-off between image resolution and field-of-
view (FOV), which fails to meet the growing demands for high-throughput
biomedical applications16,17. To address this issue, high-precision

mechanical scanning stages and stitching algorithms are used to extend the
narrow FOV of high-magnification objectives, which not only complicate
the imagingprocedure but also significantly increase the overall cost of these
systems18,19.

Several computational microscopy techniques have been developed in
recent years to address these issues, such as synthetic aperture interference
microscope20–25, Fourier ptychographic microscope (FPM)26–30, and lens-
free on-chip microscopy (LFOCM)31–36, which can produce both high-
resolution and large FOV images without the need for any mechanical
scanning platform or stitching algorithm. Among these approaches, the
LFOCM offers the unique advantage of eliminating potential optical
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aberrations and chromatic aberrations by removing all lens andmicroscope
objective structures from the compact optical configuration.

LFOCMis a typical computational optical imaging systemthat exhibits
resolution limitations determined by both the sampling frequency and the
coherent diffraction limit. Although the large effective numerical aperture
(NA) ~ 137 across the native FOV of the imaging sensor (tens of mm2) can
also be achieved based on a so-called unit-magnification configuration, the
attained resolution is still less than the ideal coherent diffraction limit
(NA ~ 1). According to the Nyquist-Shannon sampling theorem38, the
resolution of the holographic reconstruction is fundamentally limited to the
sampling resolution of the CMOS sensor (pixel size). Nevertheless, the pixel
size of the available sensor still fails tomeet the rapidly growing demands in
LFOCM due to the obstacles of the technology of semiconductor manu-
facturing. Another way to overcome the limitation of sampling frequency
and thus increase the resolution is pixel super-resolution, which involves
sub-pixel shifting39,40, active parallel plate scanning41, multi-height
measurements42,43, multi-wavelength scanning32. The original LFOCM
system employed a highly coherent laser source to generate holograms for
the reconstructionofphase andamplitude information.However, due to the
smaller size of the incoherent diffraction limit compared to the coherent
diffraction limit, the utilization of partially coherent illumination has the
potential to achieve higher resolution44,45. Furthermore, the coherence-
gating effect under lowcoherence illuminationhelpsminimize crosstalk and
speckle noise46.

However, as in our previous research of the image formation model
under partially coherent illumination47, it has been found that when
employing extended incoherent illuminationwith low spatial coherence, the
superimposition of diffuse spots generated by different object points leads to
a blurred diffraction pattern. On the other hand, when using polychromatic
illuminations with low temporal coherence, the intensity recorded at the
defocused plane can be regarded as the superposition of many diffraction
patterns of different wavelengths. In conclusion, the intensity recorded at
the image plane, with partially coherent illumination, can be interpreted as
an incoherent superposition of coherent partial images arising from all
points of the incoherent source. This phenomenon can be modeled as a
convolution of the ideal in-line hologram (arising from an ideal on-axis
point source with strict monochromaticity) with a properly resized source
intensity distribution48–50. The deconvolution algorithms have been pro-
posed to mitigate the blur of high-frequency resulting from low
coherence51,52. However, in typical LFOCM systems, the pixel-averaging
effect within the limited detection range cannot be disregarded. This effect
impacts the imaging resolution in conjunction with partial coherence, and
the method for solving this combined limitation to enhance resolution has
not yet been presented.

In this paper, we present a pixel-super-resolved lens-free quantitative
phase microscopy (PSR-LFQPM) with partially coherent illumination. We
present a comprehensive analysis of the impact of spatio-temporal coher-
ence and pixel smoothing effects in the LFOCM system. To address these
factors, we integrate the SCTF into the iterative process and combine it with
the pixel binning model. Our technique, termed PSR-LFQPM, achieves
pixel-super-resolved [1.41-fold resolution (780 nm)] quantitative phase
results across wide FOV (19.53 mm2) by integrating the image formation
model under partially coherent illumination with the multi-wavelength
method, effectively suppressing the loss of resolution due to high-frequency
blur in holograms. Time-lapse imaging of living HeLa cells in vitro is then
presented to highlight its long-term dynamic QPI ability to image sub-
cellular dynamics.Withsucha compactdesign, cost-effectiveness, andhigh-
throughput label-freeQPI capability, the PSR-LFOCMwill be a competitive
and promising tool for biomedical applications.

Results
Simulation of quantitative PRT
To ascertain the resolution loss resulting from high-frequency blur caused
by the low spatial coherence, Fig. 1 shows the numerical simulation results.
The parameters are consistent with our setup (pixel size: 0.9 μm, Z2:

1000 μm, wavelength: 466 nm, 521 nm, 588 nm, 607 nm, and 632 nm). For
such a configuration, the theoretical 1952 USAF resolution target image
needed to reconstruct is shown in Fig. 1a, which is defined on a grid with
160 × 160pixelswith apixel size of 0.9 μm× 0.9 μm.Theprofile of group8 is
chosen to verify the resolution limit. The pre-calibrated intensity distribu-
tion of LED is properly resized to accurately model the PSF of partially
coherent illumination. Figure 1b1–b3 are phase components obtained by
direct backpropagation of holograms recorded at different source-sample
distances (Z1 = 3, 6, 9 cm), while Fig. 1c1–c3 show phase components
obtained by direct backpropagation of holograms recorded using illumi-
nation with different emitting sizes (Δs = 47, 94, 141 μm). The simulations
above demonstrate that as the source-to-sample distance decreases or as the
emitting area of the source expands, the spatial coherence diminishes,
leading to a more severe blur of high-frequency to reduce resolution. In
otherwords, the partially coherent LED illumination source is considered as
a quasi-monochromatic point source as the distance between the light
source to the sample increases towards infinity. However, the increased
distancewill reduce the imagingpower, resulting in a longer sensor exposure
time for hologram collection, which leads to additional noise and affects the
quality of the hologram.

Simulated reconstruction of PRT validates the pixel super-resolution
QPI capability of PSR-LFQPM. In Fig. 1d, the ground truth of the PRT is
defined on a gridwith 128 × 128 pixels, having a pixel size of 0.45 × 0.45 μm,
which corresponds to one-half pixel size of the sensor [Element 2 Group 10
(435 nm)]. The simulated PSF of the illumination fits well with a Gaussian
function, as shown in the insert of Fig. 1d. Based on the theoretical analysis
of the image formationmodel under partially coherent illumination, Fig. 1e
displays the diffraction pattern recorded by the CMOS sensor after a con-
volution and down-sampling process. By considering a partially coherent
illumination model and introducing a spatially coherent transfer function
(SCTF) in the iterative process, as shown in Fig. 1f, the resolution can be
accurately reconstructed tomatch theGroundTruth (Element 2Group 10).
In addition, the curve of RMSE and iteration number is shown in Fig. 1g.
The simulation converged after approximately 34 iterations.

Comparison results between conventional methods and
PSR-LFQPM
Furthermore, based on the same raw measurements using LED illumina-
tion, we conducted experiments on PRT and HeLa cells in Fig. 2 by using a
multi-wavelength method53,54 (without considering the effect of partial
coherence) and PSR-LFQPM, respectively. Before the iterative process, a
direct deconvolution process was performed on the up-sampled hologram
[Fig. 2a] to get the high-contrast initial hologram as depicted in Fig. 2b. The
white enlarged areas in Fig. 2a1, b1 demonstrate that the direct deconvo-
lutionprocess brings about higher fringe visibility in the holograms.Wefirst
performed quantitative phase reconstruction of the PRT [Fig. 2c] using a
total of 5 raw images. The enlarged areas in Fig. 2c1, c2 show that the
resolution can be improved by a factor of 1.41 to Element 3 Group 9 after
considering the effect of partial coherence. Then, the comparison results in
Fig. 2d1, d2 on HeLa cells demonstrate that smaller features of the sub-
cellular structure can be resolved after introducing SCTF in the iterative
process. To secure the robustness of our method, Visualization 1 shows
comparative results with and without considering the effect of coherence of
living HeLa cells over an extended period of time. Compared to the multi-
wavelength method, PSR-LFQPM achieves higher resolution results and
observes more subcellular organelle structures in the cells within sev-
eral hours.

PSR-LFQPM on HeLa cell cultures over an extended period
of time
Theproposedmethodwas verified forwide-field pixel super-resolutionQPI
of liveHeLa cells in culture over an extended period of time.HeLa cells were
cultured in 20mm glass bottom dishes with 10% fetal bovine serum. Our
compact system allowed for in situ observation by placing it directly in the
incubator. Visualization 2 presents a real-time video of HeLa cell
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reconstitution across the full FOV, demonstrating intercellular interaction
movement and the activity of organelles in live cells for hours.

The reconstructed full FOV phase and hologram images at 00:00:01 in
Visualization 2 are illustrated in Fig. 3a. The multi-modal results for the
batchof cells inArea1 are shown inFig. 3b1–b6.The enlargedphase result of
Area 1 is shown in Fig. 3b1. As shown in Fig. 3b2, b3, phase-contrast (PC),
and differential interference contrast (DIC) images were computed from the
retrieved quantitative phases without additional hardware, respectively.
Figure 3b4 demonstrates the pseudo-three-dimensional (3D) morphology
(refractive index accumulation over cell thickness). Compared to the phase
image, PC and DIC images provide higher contrast and clearer views of
organellemovement, as shown inVisualization2 from17 s to 21 s. To verify
the application potential of our proposed method, Fig. 3b5, b6 illustrate the
cell segmentation and cell counting results for the corresponding areas,
providing assistance for subsequent cellular analysis and tracking. The for-
mationanddisappearance of tunnelingnanotubes (TNTs) betweendifferent
cells over 130 min are demonstrated in Fig. 3c1–c6. High-resolution phase
images reveal cellularmorphology at different stages ofTNT formation, such
as filopodia [Fig. 3c1, c6], single filopodia bridges [SFB, Fig. 3c2, c5], double
filopodia bridges [DFB, Fig. 3c3] and stable TNTs [Fig. 3c4]. Figure 3c7, c8

display themass change curves andmotion trajectories of the corresponding
three cells in Fig. 3c1. Through the experimental results demonstrated in Fig.
3, we can see that the proposed PSR-LFQPM could stably provide con-
tinuous analysis of any cells in the full FOV for long-term imaging.

Discussions
In this paper, we have a compact, and cost-effective LFOCM system with
partially coherent illumination, termed pixel-super-resolved lens-free
quantitative phase microscopy (PSR-LFQPM). Our proposed method
enables pixel-super-resolved and long-termdynamicQPI over a large FOV.
Through the simulations and experiments, we have confirmed that the
accuracy of the reconstructed phase significantly decreases when using a
source with lower coherence, unless considering the effect of partial
coherence. Therefore, PSR-LFQPM can effectively mitigate the loss of
resolution caused by the blur of high frequency by incorporating the SCTF
into the iterative process, which is pre-calibrated from the intensity dis-
tribution of the LED.Compared to the iterative algorithmneglects the effect
of partially coherent illumination32,54, our method has demonstrated the
capability to achieve pixel-super-resolved QPI results with a half-pitch
resolution of 775 nm across a native FOV of the sensor (19.53mm2),
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resulting in a 1.41-fold resolution improvement. Furthermore, the estimated
intensity at the image plane closely resembles the raw measurement. To
further illustrate the performance of PSR-LFQPM on biomedical samples,
we have applied this method to HeLa cell cultures for long-term and wide-
field imaging. Our demonstration indicates that the PSR-LFQPMapproach
offers a high-throughput, compact, and cost-effective tool for biomedical
and POCT applications.

However, in LFOCM with partially coherent illumination, solutions
that jointly consider both temporal and spatial partial coherence have not
been reported so far47,55–57. In addition,we implemented a scale conversion of
the phase during the iterative process under different wavelength illumi-
nation,which is performedbasedon the assumption that the sample exhibits
the wavelength-independent absorption (i.e., unstained samples)58,59.
Moreover, for highly confluent live cells or tissue samples, the superposition
of diffraction fringes of different samples will reduce the fringe contrast,
leading to the loss of resolution. Therefore, further investigation is necessary
to explore the potential of applying PSR-LFQPM to achieve high-quality
imaging of of highly confluent objects with wavelength-dependent absorp-
tion using low spatio-temporal coherent illumination.

Methods
Setup
The developed PSR-LFQPMwith partially coherent illumination (as shown
in Fig. 4), which does not contain any objective lens and can be positioned
within an incubator for in situ live cell observation. The LFOCMsystemhas
dimensions of 75 × 110 × 155mm and its three fundamental components
are a CMOS sensor (5664 × 4256, pixel size: 0.9 μm, 24,000 pixels, Jiangsu
Team one Intelligent Technology Co., Ltd.), a color LEDs matrix, and
narrow-band filters corresponding to the wavelength of illumination(GCC-
2010, bandwidth: ~ 15 nm,DahengOptics Co., Ltd.). The color LEDmatrix
consists of five quasi-monochromatic SMD LEDs that emit different
wavelengths (466 nm, 521 nm, 588 nm, 607 nm, 623 nm, ~ 20–50 nm
bandwidth, ~ 150–240 μm emitting size). The refractive index of our sam-
ples in the 466–632 nm range is almost constant (△ n < 0.35%)52, so we
disregard the effect of dispersion between various wavelengths of LED

illumination. The partially coherent beam passes through a narrow-band
filter and travels roughly Z1 (~90mm) to interact with the sample, gen-
erating a diffraction pattern. The diffraction pattern is recorded by the
CMOSsensor, placed close to the sample (Z2 ~ 1000 μm), and satisfies near-
field diffraction theory. According to Zhang et al.’s55 formulas for deriving
temporal coherence resolution (Eq. 10 and12), substituting the specificfilter
parameters, the resolution limit from low temporal coherence is enhanced
from qt ≤ 1381 nm to 799 nm, which exceeds the sensor pixel size limit
(~900 nm) (see Supplementary, Fig. S1). Therefore, the resolution is solely
influenced by the spatial coherence of the illumination and the pixel size of
the sensor, as will be detailed below.

Forward model
Based on our previous work47,55, the image formationmodel under partially
coherent illumination is represented by the following equation

I xð Þ ¼
Z

S uð Þ
Z

T x0ð Þh x � x0ð Þ expði2πux0Þdx0
����

����
2

du �
Z

S uð ÞIu xð Þdu:

ð1Þ
Equation (1) suggests that the intensity captured at the image plane can be
interpreted as an incoherent superposition of the coherent partial images
I xð Þ arising from all points of the incoherent source. Thus, in our LFOCM
system, the ultimate diffraction pattern captured by the CMOS sensor can
be expressed as

IHRrawðx; yÞ ¼
RR

I x � Z2
Z1
x1; y � Z2

Z1
y1

� �
Si

Z1
Z2
x1;

Z1
Z2
y1

� �
dx1dy1

¼ Iðx; yÞ Z1
Z2

� �2
Si

Z1
Z2
� x; Z1

Z2
� y
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;

ð2Þ

where I x; y
� �

is the hologram image obtained from the direct incidence at
the center of the LED source and Si x1; y1

� �
refers to the ith intensity dis-

tribution of the LED. The (x, y) and (x1, y1) are the coordinates at the sencor
plane and LED plane, respectively. Equation (2) suggests that the recorded
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Fig. 4 | Pixel-super-resolved lens-free quantitative
phase microscopy with partially coherent illumi-
nation. a The optical configuration of the PSR-
LFQPM. b Schematic diagram illustrating of
sequential illumination using different
wavelength LED.
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intensity IHRrawðx; yÞ influenced by thefinite spatial coherence can bemodeled
as a convolution of the ideal in-line hologram I x; y

� �
with a point spread

function (PSF)

IHRrawðx; yÞ ¼ Iðx; yÞ � PSFiðx; yÞ; ð3Þ

wherePSFi(x, y) represents the PSF properly resized from the pre-calibrated
intensity distribution Si x1; y1

� �
of the ith LED[Fig. 5(b)], which can be

expressed as

PSFiðx; yÞ ¼
Z1

Z2

	 
2

Si
Z1

Z2
x;
Z1

Z2
y

	 

: ð4Þ

Assuming that the illumination source is extended and has a finite size, such
as auniformdiskwitha radius ofΔs, thehologrambasedon thepoint source
at the edge of the illumination compared to the center point source will
result in a horizontal shift of Z2

Z1
� Δs. Themagnitude of this offset is inversely

proportional to thedistanceZ2 between the illuminationand the sensor.The
combination of different holograms results in a blurred diffraction pattern,
leading to a decreased visibility of high-frequency details. Moreover, in
actual systems, the achieved resolution is still only less than the ideal
coherent diffraction limit (NA ~ 1) due to the pixel averaging effect within
the finite detection. The pixel PSF of the sensor is oftenmodeled as a spatial
averaging operator Pa. We assume that the finest feature to be captured
corresponds to the half-pitch resolution Δp/w, where w≥1 and the number
of pixels of this image is M ×N. Then suppose the actual pixel size of the
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sensor isΔpwithM
w × N

w pixels. Ideal pixel aliasing can be understood as first
pixelating the ideal image, and then undergoing a subsampling process.
Specifically, the ideal pixel aliasing can bemodeled as a convolution process
with the convolution kernel Pa

ILRrawðx; yÞ ¼ IHRrawðx; yÞ � PaðwÞ: ð5Þ

Initial guess
Astackof the holograms (e.g., the pixel dimensionof the hologram ism × n)
is captured based on different wavelength illumination. After capturing the
raw images, up-sampling will be carried out on each hologram with the
double cubic interpolation which coincides with the imaging theory of
sensors. The pixel dimension of the up-sampling images isM ×N with the
interpolation weight w (M ×N =wm ×wn)

Iiraw hrðx; yÞ ¼ upsample½Iiraw lrðx; yÞ;w�: ð6Þ

ThePSFi(x, y) is thenused to performadirect deconvolution stepon the up-
sampled hologram Iiraw hrðx; yÞ to eliminate the high-frequency aliasing in
the hologram to some extend

Iirawðx; yÞ ¼ F�1 F Iiraw hrðx; yÞ
� �

= F PSFiðx; yÞ
� �þ β

 � �
; ð7Þ

where β is a regularization factor. Subsequently, the deconvolved hologram
is back-propagated to the object planewith the angular spectrumdiffraction
theory

Ui
o ¼ F�1 F

ffiffiffiffiffiffiffiffi
Iiraw

q	 

H�Z2

ðλÞ
� �

; ð8Þ

where fx and fy are the corresponding spatial frequencies. Hd(λ) is the
angular specturm function

H�Z2
ðλÞ ¼ exp �j2πd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=λ2 � f 2x � f 2y

q� �
: ð9Þ

Next, the ith intensity ∣Ui
o∣
2
is registered with the first intensity ∣U1

o∣
2. The

positional error is represented by ðxishift ; yishiftÞ, which is achieved by calcu-
lating the cross-correlation between the image to register and a reference
image using a fast Fourier transform (FFT), and locating its peak60. Thenwe
shift ith the intensity ∣Ui

o∣
2
by the amount of ð�xishift ;�yishiftÞ to remove the

displacement caused by illumination offset. Then, the registered field ∣Ui
o∣
2

is forth-propagated to the image plane

Iiini ¼ F�1 F Ui
o x � xishift; y � yishift
� �� �

HZ2
ðλÞ

n o
: ð10Þ

Finally, all the holograms are superimposed together to significantly
suppress the twin image noise, aliasing signals and up-sampling related
artifacts61,62: Iini ¼

Pm
i Iiini (m is the number of rawmeasurements), which

is used as the high-resolution input of the iterative process. The total pro-
cessing time for the initial guess takes about 25 s.

Iterative deconvolution phase retrieval
The method we used in this paper is an improved version of the Richard-
Lucy deconvolution algorithm63 (as shown in Fig. 5 step 3, iterative phase
retrieval), which is more suitable for the multi-wavelength illumination
system. The high-resolution hologram achieved from the ‘Initial guess’
process acts as the initial input of our iterative algorithm [I1s ðx; yÞ ¼ Iini,
when i = 1].

Intensity constraint. The ith estimate hologram Iisðx; yÞ is convolved with
themeasuredPSFi(x, y) to get the intensity distribution at the image plane

Iis newðx; yÞ ¼ Iisðx; yÞ � PSFiðx; yÞ: ð11Þ

Then we update the intensity distribution with the corresponding up-
sampled hologram, which has been registered with the positional error
ð�xishift ;�yishiftÞ

Iiþ1
s ðx; yÞ ¼ Iis newðx; yÞ=Iiraw hrðx � xishift ; y � yishiftÞ: ð12Þ

The complex amplitude at the image plane is updated with an adaptive
factor α (~0.5) as follows

Uiþ1
s ¼ α

ffiffiffiffiffiffiffiffi
Iiþ1
s

q
þ ð1� αÞ

ffiffiffiffi
Iis

q� �
exp jφi

s

� �
; ð13Þ

which will be back-propagated to the object plane to get the ith estimated
object field

Ui
o ¼ F�1 F Uiþ1

s

� �
H�Z2

ðλÞ
n o

¼ Ai
o exp jφi

o

� �
: ð14Þ

Wavelength conversion. The Ui
o should be converted to Uiþ1

o corre-
sponding to the next wavelength. Assuming that the sample consists of a
weakly scattering object, its absorption is expected to be independent of
the illumination wavelength. The phase component should be changed
proportionally (φiþ1

o ¼ λi
λiþ1

φi
o) while changing the wavelength. Specifi-

cally, we perform two-dimensional phase unwrapping64 to update the
phase information and obtain the estimated object field for the next
iteration Uiþ1

o ¼ ∣Ui
o∣ exp jφiþ1

o

� �
. Finally, Uiþ1

o is forth-propagated to
the image plane to get the iþ 1ð Þth estimated exit wave

Uiþ1
s ¼ F�1 F Uiþ1

o

� �
HZ2

ðλÞ
h i

¼
ffiffiffiffiffiffiffiffi
Iiþ1
s

q
exp jφiþ1

s

� �
: ð15Þ

The iterative process is repeated until all the holograms are gone through,
whichmeans all the rawmeasurements areusedonce and is considered tobe
one iteration cycle. The complete flowchart of the iterative deconvolution
algorithm is shown in Supplementary chapter 4. We calculated the root-
mean-square error (RMSE) between estimated intensity Iis newðx; yÞ at the
image plane and the corresponding up-sampled hologram Iiraw hrðx; yÞ to
monitor the algorithm convergence as well as estimating the accuracy of the
reconstructed object wavefield (see Supplementary, Fig. S2). The RMSE is
given by

ε ¼
XQ
q¼1

ffiffiffiffiffiffiffiffiffiffiffi
Iis new

q
�

ffiffiffiffiffiffiffiffiffiffiffiffi
Iiraw hr

q����
����
2

=
XQ
q¼1

Iiraw hr; ð16Þ

where q is the pixel index and Q =M ×N is the number of pixels of the
image. In the experiments described in the following Sections, the algorithm
reached convergence with RMSE variation drops below 1%, taking about
154 s, which has been further reduced by implementing GPU acceleration
rather than MATLAB.
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