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Abstract: We present a real-time complex amplitude reconstruction method for determining
the beam propagation ratio M” of laser beams based on the transport of intensity equation (TIE).
In this work, a synchronous acquisition system consisting of two identical CCDs is established.
Once two beam intensity images at different cross-section positions along the optical axis are
captured simultaneously by the system, the complex amplitude of the laser beam can be rapidly
reconstructed using TIE algorithm. Then the beam intensity distribution at any section position
along its propagation direction can be obtained by using angular spectrum (AS) theory. The
beam quality M? factor is therefore calculated utilizing the second-order moments and
hyperbola fitting methods, which conform to the ISO standard. The suitability of this method is
verified by the numerical analysis and experiments with the He-Ne and high-power fiber laser
sources, respectively. The experimental technique is simple and fast, which allows to
investigate laser beams under conditions inaccessible to other methods.
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OCIS codes: (140.0140) Lasers and laser optics; (140.3295) Laser beam characterization; (100.5070) Phase retrieval;
(120.5050) Phase measurement.
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1. Introduction

In laser applications, it is important to know the laser beam’s propagation characteristics as
they directly influence the application quality [1,2]. In general, these characteristics are usually
evaluated using the laser beam quality. Nowadays, a variety of criteria for laser beam quality
determination have been put forward [3], such as laser beam quality factor £, beam propagation
factor M, Strechl ratio, power in the bucket. Among the various approaches for characterizing
the quality of a laser beam, the beam propagation ratio or M* parameter as introduced by
Siegman [4,5] has become the most common and accepted standard. It is defined as the ratio of
the beam parameter product (the product of waist radius and divergence half angle) of the real
beam to that of a fundamental Gaussian beam [5], and was adopted by the International
Organization for Standardization in 1991. Now the M* factor has undoubtedly become an
acceptable evaluation parameter for beam quality characterization in the laser system [6,7].
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According to the instructions of ISO11146-1/2/3 [8], the measurement of the beam intensity
with a camera in various planes within two Rayleigh lengths on either side of the beam waist is
suggested, which allows the determination of the second-order moments and the M* value of
the beam. Several conventional methods, which follow this standard, have been proposed to
measure the M value, such as camera scanning [9] or knife-edge [10] methods. However,
despite the fact that these methods are carried out simply, they are still quite slow and laborious
due to the requirements of multiple captures. Moreover, these methods all require the stability
of the laser captured frames for both numerical data process and experiments, which makes
high demands on the temporal stability of a cw laser or the pulse-to-pulse stability of a pulsed
source [11]. Caustic measurements are therefore unsuitable to characterize the fast dynamic
process of a laser system, especially for high-power laser.

Therefore, a number of alternative methods have been developed to provide faster M’
measurement. For example, Schifer et. al. developed a fast and simple method for determining
the beam propagation ratio M* based on the Shack-Hartmann wavefront sensor [12], but was
shown to yield inaccurate results for multimode beams [13]. Moreover, the sensitivity and
dynamic range of this sensor is primarily limited by the number of subapertures and the focal
distance of the microlenses, respectively [14,15]. Other methods for real-time determination of
M factor conform to the ISO standard techniques. One method realized an M* factor
measurement with simultaneous images by multiplane imaging using distorted diffraction
gratings [16] or angled Fabry—Perot filter [17], which achieve a compact device for measuring
the beam quality for high power laser beams. Flamm et. al. developed another robust technique
- the complete modal decomposition of optical fields [18], for the beam quality measurement.
They have applied this method to the real-time determination of laser beam quality [11,19] and
shown that a modal decomposition of an investigated laser beam allows not only the
quantitative determination of its transverse modal content but also its beam quality factor M?,
Furtherly, they used a spatial light modulator (SLM) with digital holograms to achieve the M
factor measurement in real time [20]. Due to the high SLM frame rate, an M> measurement time
within 1s is achievable. In recent years, Jorge et. al. [1] presented a scattered light imaging
method (SLIM) for the characterization of arbitrary laser beam intensity profiles. It is not only
fast and simple but also a real-time, single-shot method with high accuracy and high sensitivity.
Furthermore, the beam characterization method based on the phase retrieval is also an effective
way to measure the beam quality M? factor. Shi et. al. [21] demonstrated the use of phase
retrieval and Fraunhofer diffraction as a method for the measurement of laser beam quality.
This method is expected to give a precise laser beam quality. Du et. al. [22] also developed a
new approach for real-time determination of M” factor by amplitude and phase reconstruction
based on a Mach-Zehnder self-referencing interferometer wavefront sensor. It is simple, fast,
and operates without moving parts. In addition, it is suitable for characterizing the dynamic
laser beam quality.

In this paper, we present a method for real-time complex amplitude reconstruction and
dynamic beam quality M* factor measurement on basis of the transport of intensity equation
(TIE) technique [23,24]. The approach is a combination of three well known techniques (field
reconstruction using TIE, field propagation using angular spectrum theory, M*-determination
using a virtual caustic measurement). The skillful implementation of these techniques results in
real-time measurements for the M* value. The schematic diagram of the process of phase
retrieval and M? factor determination is depicted in Fig. 1. With two beam intensity images at
defocused positions obtained via a synchronous acquisition system consisting of two identical
CCDs, the wavefront of the test laser beam is reconstructed in high-speed utilizing the TIE
method. Then according to the angular spectrum (AS) theory [25], the complex amplitude or
intensity distributions in various cross section planes along the optical axis are obtained. And
the beam quality M* factor is therefore calculated utilizing the second-order moments and
hyperbola fitting algorithms based on the ISO standard method [8]. It is worth mentioning that,
the TIE method achieves a phase retrieval directly from intensity images obtained at several
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defocused positions by solving the Poisson equation with high accuracy and efficiency [26-29]
and avoids an unwrapping problem [30]. Compared to the phase retrieval method based on the
conventional interferometry technology, the TIE algorithm is simple and fast, without
separated reference wave or iterative computation. Moreover, this method does not need a
complex optical system or strict experimental environment. In conclusion, the proposed
approach for beam quality M factor determination performs the measurements in real time, and
operates without moving parts while the standardized technique for the general astigmatic
beams is very complicated and prone to measurement errors. The time taken from the image
acquisition to the M value determination is only about 0.5s.
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Fig. 1. The schematic diagram of phase retrieval and M? factor calculation. (a)(b) the axial
intensity images at two different longitudinal positions, (c) the phase retrieval by TIE, (d) the
reconstructed intensity distribution at any selected plane, (e) performing a hyperbolic fit to the
beam widths and calculating the Mz,w,.

In this work, we evaluate the performance of the real-time characterization method for laser
beam quality based on the TIE technique by software simulations and experiments. We use a
He-Ne laser and a fiber laser as light sources in experiments, and compare the results with those
obtained by a conventional method, the camera scanning method - realized by the beam quality
analysis device. The laser sources used in experiments are all single-mode beams, as the M*
factor is commonly applied to the evaluation of the laser beam with good beam quality. When
the M*>>1, there are indeed some limitations for the M” factor to evaluate the beam quality.

2. Theoretical description
2.1 Phase retrieval by transport of intensity equation

Assuming that a laser beam is propagating along the z axis, and the complex amplitude can be
expressed as U(r)=+/1(r)exp [ikq)(r)] . The derivative of intensity along the beam

propagation direction z contains phase information that can be retrieved via TIE [31]:
oI (r)

Iz

—k =V-[1(r)Ve(r)] ()

Expanding the right hand side of Eq. (1), we obtain

iG]

= =VI(r)-Vo(r)+I1(r)V¢(r) )

where £ is the wave number 27/ A . I(r) is the intensity. V denotes the gradient operator over
the transverse direction r which is normal to the beam propagation direction, and ¢(r)
represents the phase of the beam.

Zuo et.al [26] have presented an efficient numerical algorithm based on the fast discrete
cosine transform (DCT) for quantitative phase retrieval in the field of microscopy. In this paper,
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we apply the DCT method to the phase retrieval of laser beam and reconstruct the complex
amplitude for dynamic beam quality M? factor measurement.

Assuming that the region to be tested is a general open and bounded domain Q  R* with
a piecewise smooth boundary 0Q . The intensity distribution 7 is a continuous, non-negative

function defined on the enclosure Q and is smooth and strictly positive in € . The phase ¢

is expected to be single-valued and smooth in € . Before deriving a solution to the TIE, the
issues concerning its solvability (well-posedness) and the uniqueness of the solution must be
addressed. The classic theory of elliptic partial differential equation states that the uniqueness
of the TIE solution subject to certain boundary conditions [26]. According to the classic theory
of elliptic partial differential equation, the solution of the TIE relies on certain boundary
conditions [32] - the Neumann boundary conditions, which can be expressed as

99| _
Ianaﬂ—g 3)

Here g is a smooth function on the boundary dQ , and d@/on is the outward normal derivative.

The solution of the TIE is unique or unique up to an arbitrary additive constant.
Then, an auxiliary function ¥ is introduced as suggested by Teague [31], which satisfies

Vy=1IV¢ C))
According to reference [26], the solution to TIE under non-uniform intensity distribution
can be expressed by following fomula

0=k ser {Voer [ 17V oer Viser (01/02) |} ©

Where V0, = (0, per /20, per f ) Voerf =DCT ™', DCT(f).

Hence, the complex amplitude can be given by the combination of the recovery phase and
amplitude distribution of the test laser beam. Here we should mention that, the reconstructed
phase can be located at any cross-section position within two Rayleigh lengths on either side of
the beam waist along the optical axis.

2.2 Determination of beam quality M? factor with complex amplitude

Once one can obtain the complex amplitude distribution of the test laser beam, the detailed
complex amplitude distribution after propagation distance z can be calculated according to the
scalar diffraction theory [25]. In the framework of scalar diffraction theory, the physical
process of light propagation can be strictly expressed by Kirchhoff formula,
Rayleigh-Sommerfeld formula or angular spectrum transmission formula. As we all know,
both of the Kirchhoff and Rayleigh-Sommerfeld diffraction transfer functions need a large
amount of computation, while the angular spectrum formula is an analytic formula with just a
few amount of calculation. Thus, it is advisable to calculate the complex amplitude using the
angular spectrum formula:

U(x,y.2)= 7" {Go(fx,fy)exp[j%z\/l—(/ifx)z —(ﬂfy)z}} (6)

where Go(f..f,) is the the frequency function of the reconstructed complex amplitude U(x,y,0).
2 2 .
Go(fx,f,,) :f{U(x,y,O)}. exp{;TZ\/l—(/lfx)2 —(xlfy) } is a phase delay factor,

which can also be called the angular spectrum transfer function.
Similary to the traditional measurement process of the M? factor, as described in
ISO11146-1 [8], the calculated complex amplitude U(x,y,z) can be used to determine the beam
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intensity distribution instead of the traditional measurement way by moving a CCD. Then
calculating the beam widths @, and @, by second-order moments algorithm and performing

a hyperbolic fit to the beam widths along the beam propagation axis,

o’ (z) =4 +Bz+ szz (7

x

@’ (z)= A,+Bz+ C_sz ®)

y

where 4, B, C are the hyperbola fitting coefficients. Finally the beam quality factor M?, and sz
can be calculated with the following fomula:

2
mr=Zlac -2 ©)
TN
BZ
, T ,
M =7 AyCy—T’ (10)

Hence, as long as the beam intensity /(r) is obtained by a CCD and the phase ¢(r) is

recovered with the TIE technique, it is possible to calculate the beam quality.
3. Simulation results

The computer simulations are performed under the environment of Virtuallab Fusion® which is
a modeling and design software based on unified optical modeling approach called field
tracing. In the process of simulation, we select the Gaussian beam as the emergent light source
and perform the field tracing in free space. The intensity and phase distributions of a beam spot
at arbitrary section position along the propagation direction are obtained by a camera dectector.
The schematic diagram of the field tracing process of Gaussian beam is depicted in Fig. 2.

ion process of G ian beam in free space 1

=4

| Camera Detector

% Gathering beam spots B
E - at  different  axial -I -

section positions

Fig. 2. The schematic diagram of the field tracing process of Gaussian beam.

As is shown in Fig. 2, two beam intensity images along the optical axis are captured by a
camera detector. The beam spot (a) is located near the beam waist, while the spot (b) is slightly
away from the waist and has an axial distance Az with spot (a). Then the intensity data of
these two beam spots are exported from the simulation software for the phase retrieval using the
TIE algorithm. Since these are numerical experiments, there is access to the true phase and
hence the root-mean-square-error (RMSE) of the reconstructions can be computed.

In the ideal case without noise, the axial acquisition distance Az is smaller, the recovery
phase is closer to the true phase. With the increase of the axial distance Az, the nonlinear error
will also become large and the accuracy of the phase retrieval will be reduced. Figure 3 shows
the reconstructed phase distributions and the phase errors between the true phase and the
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reconstructed values when the axial distances are 0.Imm, 10mm, 100mm, and 500mm,
respectively. The RMSE values of the phase errors are listed in Table 1.

True Phase
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Fig. 3. The reconstructed phase distributions and phase errors. (a) the true phase, (b)-(e) the
reconstructed phase distributions when Az = 0.1mm, Az = 10mm, Az = 100mm, Az = 500mm ,

(f)-(i) the phase errors when Az = 0.1mm, Az = 10mm, Az = 100mm, Az = 500mm .

Table 1. The RMSE values of the phase errors

Az /mm 0.1 10 100 500

RMSE/ A 0.0011 0.0011 0.0014 0.0092
According to above analysis, we can see that the RMSE values of the phase errors accrete
with the increase of the axial distance between the beam spots. It is apparent that the axial
distance should be reduced as much as possible under the ideal condition without noise. Yet the
measured process data always mix with noise ineluctably. In actual experiments, we may resist
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outside stray lights erntering the CCD, but not completely eliminate the shot noise and thermal
noise from the CCD. Thus, under the condition of noisiness, the axial distance Az must be
large enough to ensure that the axial differential information resulting from two intensity
images will not be submerged in noise.

In order to improve the signal-to-noise ratio (SNR) of the axial differential image, the axial
distance of beam spots has to be increased. However, as mentioned earlier, with the increase of
the axial distance, the nonlinear error will also become more apparent. Therefore, it is
necessary to seek an optimal axial distance by making a trade-off between the noise and the
nonlinear error.

Considering that the SNR of the CCD used in the experiment is 38.4db, and other noises
may be introduced in actual experiments, we add the white Gaussian noise with different SNRs
(38.4db, 30db, 25db, respectively) to these two beam intensity images. Then gradually
increasing the axial spacing between the beam spots, analysing the changes of the
recovery-phase errors and searching the best axial distance.

0.11

" =& SNR=38 4db
0.1r e =@&=SNR=30db
s | =B~ SNR=25db | #
0.09¢ ' R4
\ u v/
- 0.08" \
@ 007
E 0.06
0.05¢
0.04 o
_ﬂm_,The best axial distance Az
0.03

0 10 20 30 40 50 60 70 80 90 100
axial acquisition distance/mm

Fig. 4. The RMSE values of phase errors with different axial acquisition distances when adding
white Gaussian noise with different SNRs to the intensity images.

Figure 4 illustrates the changes of the RMSE values of the phase errors with the increase of
the axial acquisition distance and demonstrates that the best axial distance will become larger
when adding white Gaussian noise with smaller SNR to the beam intensity images.

4. Experimental verification and discussion

The feasibility and the measurement accuracy for the laser beam quality of the proposed
method are experimentally demonstrated. The optical setup in Fig. 5 consists of a laser source
and a beam spots acquisition module that enable two simultaneous acquisition of the beam
intensity images in different section positions along the optical axis. The characteristic
parameters of He-Ne laser are listed in Table 2.
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Fig. 5. The experimental setup for He-Ne laser.

Table 2. Specification of He-Ne laser

Output power 2 mW

Beam diameter 0.63 mm
Beam divergence 1.3 mrad
wavelength 632.8 nm

As is shown in Fig. 5, the output beam firstly passes through a polarizer by which some light
energy will be attenuated as the laser light source is linearly polarized light. Then it continues to
pass through a focusing lens (FL, f = 175mm), which contributes to the great shortening of the
Rayleigh length of the laser beam. A beam splitter (BS) is used here to divide the beam and
guide the replicas into the two identical CCDs located at different positions along the beam
propagation direction. The calibrated beam-splitting ratio of which is about 5.01:4.99.
Particularly, the CCD-1 is located near the beam waist and the CCD-2 has a axial distance Az
with the CCD-1. It is worth noting that the transmitted light and reflected light divided by the
BS are mirror images of each other. Thus, the reflected beam intensity image needs to be
flipped horizontally in the numerical computations. The type and characteristic parameters of
the CCD are shown in Table 3.

Table 3. Specification of the CCD

Model Basler acA1300-30gm
Number of pixel points 1280%960

Effective region 4.8mm*3.6mm

Pixel interval 3.75um*3.75um

SNR 38.4db

Through numerical simulations, we find that the range of optimal axial acquisition distance
is from 10mm to 100mm. Based on the results obtained in Fig. 4, we adjust Az from 25mm to
75mm in the experiment. It is noted that with the TIE algorithm, one may accurately reconstruct
the low-frequency phase, but suffer from the problem of high-frequency phase retrieval when
the axial acquisition distance Az is large [33]. However, since the phase of the test laser beam
contains the majority of low-frequency information but very few high-frequency information, it
can be recovered correctly even when the maximum axial acquisition distance is 75mm. Make
sure that the CCD-1 is immovable, and another one is moved with a fixed distance away from
the waist during each acquisition process, which is depicted in Fig. 6.
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By the synchronous acquisition system consisting of two identical CCDs shown in Fig. 5,
two intensity images at different cross-section planes along the optical can be acquired
simultaneously. Then the beam quality M* factor can be rapidly determined through the
numerical computation. It is worth mentioning that the time taken from the intensity image
acquisition to the M* value determination is only about 0.5s and the measurement time is
independent of the beam quality. Furthermore, to guarantee the validity of experimental results,
we continuously acquire and preserve 10 sets of beam intensity images at equal time interval in
each measurement and calculate the mean values of the M factor. The M” values are shown in
Figs. 7.
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Fig. 7. The calculated M? values of He-Ne laser with different axial acquisition distances.

To validate the measurement accuracy of the proposed method, the results are compared to
the values measured by the beam propagation analyzer which conforms to the ISO standard.
The measurement accuracy for the M* value of the beam propagation analyzer can be up to £
5% and we get the beam quality factors M*, = 1.025 and sz = 1.015, which can be roughly
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regarded as the ground truth. Figure 8 shows the measurement errors of M? values of He-Ne
laser.

8
A
7 [ — A
S P
‘E 6 ~ —-a- Error of M?
o X
° 5 —e—Error of M
g Yy
0
4
30 40 60 80

axial acquisition distance/mm

Fig. 8. The measurement errors of M* values of the He-Ne laser.

Thus, the maximum measured deviation from the proposed method is 7% for M?, and 5%
for M?,. This result demonstrates the validity of the method.

The experimental setup for determining the beam quality of the high-power tunable fiber
laser is shown in Fig. 9, which mainly consists of a laser attenuation module and a beam spots
acquisition module. The wavelength of the output beam is 1070nm. The BS used here is
applicable to the near infrared laser beam, and its calibrated beam-splitting ratio is about
5.02:4.98. In addition, the Basler CCD has no high responsibility to the near infrared laser, but
what we need in the experiment is the differential information resulting from two beam
intensity images, which is not affected by the responsibility of the CCD camera.
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Fig. 9. The experimental setup for fiber laser.

Because of the characteristics of the fiber, the beam quality factor M* may change with the
enhancement of output power. Therefore, it is necessary to measure M factor at different laser
powers. Figure 10 illustrates the phase retrieval process under the different laser powers.
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Fig. 10. The phase retrieval process of the fiber laser under the different laser powers.

In the process of the experiment, since the power has been chosen as the independent
variable, the distance between two axial beam spots should remain constant. By repetitious
experiments, we finally selected a suitable axial distance, Az =25mm , as the fixed distance
between these two CCDs. Similar to the measurement process of the He-Ne laser, we
continuously acquire and preserve 10 sets of beam intensity images at equal time interval and
calculate the mean values and errors of M factor in each measurement. In addition, the beam
propagation analyzer is utilized to determine the beam quality every time when capturing beam
spots as shown in Fig. 9. The results for the measurement of the beam propagation ratio M*
using the proposed method and the beam propagation analyzer conforming to ISO standard
method are compared in Fig. 11(a) and 11(b).
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Fig. 11. The comparison results of M? values of the fiber laser determined by proposed method
and beam propagation analyzer, respectively. (a) M2, (b) M?,.

Here we can see that the M* value measured by the beam propagation analyzer increases
along the x axis while the power boots up. Distinctively, for y axis, it first increases then
decreases. We conclude which is possibly due to the following reasons: the beam propagation
analyzer does not measure the beam quality in real time. The instability of beam intensity will
affect the accuracy of the measurement results and yield the fluctuations of the measured M?
values. Thus, the trends of the values measured by the beam propagation analyzer may be
inconsistent in the x and y directions.

Figure 12 shows the measurement errors of M values of fiber laser.
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Fig. 12. The measurement errors of M values of the fiber laser.

Hence, in the case of above contrast result, we obtain that the maximum measured deviation
from the proposed method is 9% for M, and 6% for sz.

As mentioned before, the optimum axial distance is between 10mm and 100mm. In this
case, we have tried to acquire beam intensity images and calculate beam quality M factor under
different axial acquisition distances, and the calculation results are nearly the same.

It is worth noting that the M* value is independent of the position of CCD-1. Under the
condition that the spot size will not be out of the sensor area of CCDs, the CCD-1 can be placed
at any cross-section position along the optical axis which is within two Rayleigh lengths on
either side of the beam waist according to ISO standard. To verify this conclusion, we have
performed experiments. Keep the other elements in the experimental system stationary, and
move CCD-1 and CCD-2 at a equal distance in the same direction along the optical axis and the
axial acquisition distance is still 25mm. Then calculating the M values under the different laser
powers. The comparison results before and after moving CCDs are shown in Fig. 13.
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Fig. 13. The comparison results of M? values of the fiber laser determined by proposed method
before and after moving CCDs, respectively. (a) M, (b) sz.

Known from the above figures, after moving CCDs, the maximum deviation of M* values
determined by proposed method is 0.6% for M?, and 0.5% for sz, which demonstrates that the
M value will not change although the position of CCD-1 changes.

In summary, the deviations in the M*, and sz factors are mainly caused by these factors:
(1) the calculation accuracy of the algorithm; (2) the axial acquisition distance (optical path
difference) and the accuracy of optical path difference; (3) aberrations and noises; (4) the
consistency of beam intensity acquired by two CCDs; (5) the characteristics of the laser source;
etc. In view of these factors, we will try to reduce the error from the following aspects in future
research work.
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(1) Improve the algorithm for numerical computation. As it is found that the algorithm
itself would result in almost 2% error through related numerical simulations.

(2) Try to calculate the optical path difference between two beam intensity images more
accurately, and improve the accuracy of the optical path difference.

(3) Reduce the influence of noise on the measurement results by utilizing relevant
algorithm, e.g., the algorithm based on the Savitzky-Golay differentiation filter
theory.

(4) The current experimental system acquires beam intensity images simultaneously with
two CCDs, which may result in the inconsistency of these two intensity images and
cause large errors. Thus, in subsequent research work, we will try to use one CCD
instead of two CCDs to acquire two beam intensity images at different cross-section
positions along the optics axis simultaneously.

5. Conclusion

In this work, we present a real-time method to obtain the complex amplitude and calculate the
beam quality M* factor based on the TIE technique. The absolute phase can be rapidly
recovered by solving the TIE and the complex amplitude of the test laser beam is directly
reconstructed without a complex optical system or strict experimental environment. Then the
beam intensity distributions at various longitudinal planes along its propagation direction can
be obtained according to the diffraction integral theory and the beam quality M* factor is
therefore calculated using the ISO standard method. The benefits of this approach are its
experimental simplicity and the capability to perform measurements in real time, without
time-consuming numerical analysis. Furthermore, this method is suitable for characterizing the
beam quality of the dynamic laser system.
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